
A NEW FOUNDATION OF THE PRO JECTIVE DIFFERENTIAL
THEORY OF CURVES IN FIVE-DIMENSIONAL SPACE

BY

SU-CHENG CHANG(l)

Introduction. The purpose of the present paper is to develop a purely

geometric theory of the projective differential geometry of curves in a space

of five dimensions, the methods hitherto adopted by various authors(2) being

more or less analytic and artificial.

The projective differential theory of plane curves is one of the cornerstones

upon which our theory of curves in five dimensions rests. The problem of find-

ing a covariant figure to associate projectively with the neighborhood of

order five at an ordinary point of a plane curve is an interesting one as has

been pointed out by Levi-Civita and Fubini [9]. We have succeeded in solv-

ing this problem in an elementary way. Then using neighborhoods of order

six we have obtained, besides a covariant triangle, three covariant points /,•

(i = 1, 2, 3) any one of which can be selected as unit point.

In five-dimensional space the osculating plane p at an ordinary point P

oí a curve V intersects the developable hypersurface of T in a plane curve C,

of which P is either an ordinary point or a &-ic (k = 6, 7, 8) point [2]. In any

case a covariant unit point / and a covariant triangle {PPiP2} can be deter-

mined in p, PPi being the tangent to T at P.

When a plane p, passing through PPi and lying in the osculating three-

space of r at P, rotates about PPi, the Bompiani osculant On [l], associated

with the point of inflexion P of the projection produced by projecting V on

the plane p from the point aP+ßPi, constitutes a generator of a covariant

quadric Q3. Since P, Pi, P2 are three vertices of a quadrilateral on Q3, we may

take the fourth vertex for P3. In a similar way we define two other vertices

Pi and P6 of a covariant pyramid {PPiPiP3PiPf,} and two other covariant

quadrics Q4 and Q$ which pass through the quadrilaterals PPiP^PJ* and

PPiPiPsP respectively.

Let / be the unit point in the plane PPiP2; then the unit point in the space

may be defined by the fact that the quadrics Ç* (k=3, 4, 5) pass through

P+Pi+Pi+Pk respectively.

This accomplished, the projective Frenet-Serret formulae follow immedi-

ately from the canonical expansions of T. Our method has the advantage
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that the geometric significance of the projective invariants of the curve can

easily be brought to light.

Chapter I. The projective differential theory of plane curves

In this chapter we shall discuss some results useful for the study of curves

in a five-dimensional projective space. In §1 a covariant triangle of reference

and a covariant unit point are constructed by means of the neighborhood of

order six at a point of an ordinary plane curve. This leads us in §2 to recon-

struct Lane's [8] canonical expansion of a plane curve at its sextactic point.

1. A new projective differential theory of plane curves. In this section

we study plane curves in the neighborhood of an ordinary point, obtaining a

canonical expansion, the Frenet-Serret formulae and an interpretation of the

invariants.

1.1. The covariant triangle of reference. Let x and y be nonhomogeneous

coordinates of a point in a plane. If x =x(u), y =y(u) are the parametric equa-

tions of a plane curve C, the expansion of C at an ordinary point £ of C with

respect to a local triangle of reference {££i£¡} is

(1) y = ax2 + bx3 + ex* + dxs + ex« + fx7 + (8),

where ££i is the tangent to C at P. We take £2 on the osculating conic C2

of C at £ and £i£2 as the tangent to the conic C¡ at P2, so that (1) reduces to

(2) y = ax2 + dx« + ex« + fx1 + (8).

It is well known that there exists a bundle of seven-point cubics of C at £ :

(3) ay(y — ax2) + ß(y — ax2 — dxy2/a2 — ey3/a3) + y(ax3 — xy + dy3/a3) = 0,

where a, ß, y are arbitrary constants, y = 0 and y — a*2 = 0 respectively inter-

sect (3), besides £, at a pair of related points

(4) (ß/y, 0)

and

(5) (ßd/iyd - ßc), aß2d2/(yd - ße)2),

whose join passes through a fixed point

(6) (d/e, ad2/e2).

For d=*0, we select (6) for £2 and reduce (2) to

y = ax2 + dxs + fx7 + (8).

1.2. Covariant figure associated with an ordinary point of a plane curve. Let

x1, x2, x3 be the homogeneous coordinates of a point defined by

x = xx/x3,       y = x2/x3.
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The polar line of A (a, 0, 1) with respect to C2,

(7) x2 = 2aax\

intersects C2 at (0,0, 1) and

(8) A'(l, 2aa, 1/2«)

respectively. At P a six-point cubic of C can be determined to be tangent to

the lines (7) and .4.4',

(9) - 2o«*1 + x2/2 + 2aa2z» = 0,

at (8) and (a, 0, 1) respectively; its equation is found to be

(y - 2aax)2(- 2aax + y/2 + 2aa2) + (y - 2aax)(- 4da*y2/a)

- 2y(- 2aax + y/2 + 2aa2)2 = 0.

As a varies the envelope of the cubic (10) is a covariant figure :

(11) 4as(ax2 - y)3 + d2y* = 0.

1.3. The canonical expansion. The tangent of the conic y — ax2 = 0 at the

covariant point (6) intersects y = 0 at (d/2e, 0, 1). A triangle of vertices P,

(6), and (d/2e, 0, 1) is called a fundamental triangle. We denote (6) and

(d/2e, 0, 1) by P2 and Pi respectively. If the fundamental triangle is taken

for reference, the expansion of the curve C at P then becomes

y = ax2 + dx* + fx> + (8).

As we have given in §1.2, the two consecutive points (1, 0, 0) and (a, 0, 1)

(a—* oo ) on PPi correspond to the cubics

(12) - dxy2 - a3*2 + a2y = 0

and (10) respectively. They intersect at the points on the cubic

(13) a3*3 - a2xy + dy3/2a = 0,

namely, P and the points of coordinates

(14) (wk(d/2a'Y",    0,    2aco2*(<*/2a4)2'3)     (k = 1, 2, 3,      co» = 1, co ̂  1).

If one of the latter is taken for unit point I, then we have

d = 1/8,        a = 1/2.

The coordinate system thus obtained will be called the canonical coordinate

system, and the coordinates of a point referred to it the canonical coordinates.

The canonical expansion of C at P now becomes

(15) y = x2/2 + x*/8 + k(u)x> + (8).

1.4. Projective Frenet-Serret formulae.   Let (xl(u), x2(u),  *'(«)),  (x\(u),
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x\(u), x\(u)), and (x\(u), x\(u), x\(u)) be the coordinates of the vertices

£, Pi, £2 of the fundamental triangle. In order to preserve x'(u) +x{(u) +x2(u)

(j = l, 2, 3) as the selected unit point associated with the canonical triangle

of reference {£(«), Pi(u), P2(u)}, we are unable to multiply the coordinates

of the three points £(«), £i(w) and P2(u) by different proportionality factors.

On the contrary, there exists a unique function X(m) such that

(16) d(\(u)x(u))/du = \(u)a(u)xl(u) (j = 1, 2, 3).

For brevity we still use x/(u), x{(u), x2(u) instead of \(u)x'(u), \(u)x{(u),

~\(u)x2(u), so that (16) becomes

(16') dx (u)/du = a(u)xx(u).

Through the independence of the three points P, Pi, P2, dx{(u)/du and

dx2(u)/du may be expressed in the form

dxi(u) j j j
- ßx (u) + yxi(u) + hxi(u),

(16") du

dx2(u)
= px (u) + vxx(u) + tx2(u).

du

But the condition of immovability and (15) show that

ß « 112*(«)a(«), y = 0,

5 = a(u), p = 5a(tt)/2,

V = 112*(«)a(w), r = 0.
Hence

(17)

dx dxi
■— = a(u)xi,       -= a(u)(H2k(u)x + Xi),
du du

dxi

du
= a(u) (— x + ll2k(u)xi J,

where we have written x and x{ (*«=1, 2) in place of *' and x{ (j = l, 2, 3;

¿=1,2).
With respect to a parametric transformation ü =f(u), a(u)du and k(u) are

clearly intrinsic.

A proper projective transformation s

(18) x  = ¿ aiy" (j - 1, 2, 3),
lc-l

where |¿t*| == 0, carries x'(u), x{(u) and x2(u) (j = l, 2, 3) into the points

y'(u), y{(u) and y{(u) respectively. From the first two equations of (17), we

find
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*—( ¿ aky) = «(«) ( ¿ alyi),
du \ k-\        / \ *=i        /

— ( S a*y  ) = a(«)( 112É(«)2j a*? +   S «*?  ) -
du \ k-l / \ k-l k-l /

or, because of | a)\ 5^0,

dy dyi
— = ayi, —— = a(112¿(w)y + yi).
du du

That is, adu and k(u) are intrinsic and invariant. Consequently, we call them

the projective arc-element and the projective curvature respectively.

Since any one of the points

(id V'3 co2*/ d \2'3\

(l" ("'UO    •«•vCSy    ) <t=1'2'3)

may be selected as the unit point, there are evidently three kinds of canonical

coordinates. In consequence, the vertices of the fundamental triangle may

have different canonical coordinates z'(u), z[(u), z[(u) and x'(u), x{(u), x{(u)

(j = l, 2, 3) respectively. They are, however, connected by

x   = z /u ,        Xi = Zi/co, x2 = Z2 (j = 1, 2, 3),

where co3 = 1, co ̂  1.

The equations (17) then become

dz dzi (112k(u)
— = acozi, ■—
du du

dzi ( 5
- = aco
du

(112k(u) \

(— z+ 112*(«) — zi).
\ 2 co2    /

Therefore the projective arc-element and the projective curvature are multi-

plied by co if another point among (19) is taken as the unit point.

If we put da = adu, (17) reduces to the projective Frenet-Serret formulae

required :

dx dxi dx2       5
(A) — = xi, ■-= 112k(<r)x+ xt, ■-= —*+ 112£(ff)a;i.

da do- da        2

Eliminating Xi and Xi from (A) gives

d*x dx      I        dk(<j)       5 '
-Y224k(o-) — + (112 —
da3 d<r      \ d

which is preserved under the transformation

/        dk(o-)       5 \
(B) --— +224¿(<r)—+ ( 112 —— + —)x = 0,

da3 da      \ do- 2 /



1946] CURVES IN FIVE-DIMENSIONAL SPACE 137

X = oi2X, k(a) = ùj£(ct), dö = uda.

Thus an analytic function k(a)(a^o-^b) corresponds except for a projec-

tivity to an analytic curve, such that da is the projective arc-element, k(a)

the projective curvature, and independent solutions of the differential equa-

tion (B) the canonical coordinates of a current point of the curve. Conversely,

an analytic curve corresponds to a unique projective curvature and a unique

projective arc-element.

1.5. Geometrical interpretation of the projective curvature and the projective

arc-element. By use of the unit point I we can obtain the following inter-

pretations^) of the invariants appearing in (A) :

xi(x, Xí; dxi/dff, I) = 112&,       x2(x, xi; x + dx, I) = da + (2),

where the left members are cross ratios of the indicated pencils and (2) de-

notes an infinitesimal of higher order.

2. A generalization of sextactic points. In a recent paper [2] we have

represented the neighborhood of various orders of a plane curve C at its sex-

tactic point £. A cusped quartic Qi is utilized such that its cusp lies on the

tangent of C at £ and its cuspidal tangent is also tangent to the hyperosculat-

ing conic of C at £. Since either the sextactic point or its generalization appear

in the theory of curves in five-dimensional space, we find it convenient to

give here an outline of the theory on the generalized sextactic points.

2.1. The canonical expansion of a plane curve at its sextactic point. At a

sextactic point £(0, 0, 1) of a plane curve C the osculating conic has a contact

with the curve of order five. Hereafter we select the triangle of reference

{££i£2} in such a way that this osculating conic is tangent to ££i and £i£î

at £ and £2 respectively, so that the expansion of Y becomes

(20) y = ax2 + ex« + fx1 + gx* + hx9 + (10),

and the equation of the osculating conic is y— ax2 = 0.

The quartic Qi, which has at £ a contact of order six with (20), is easily

found to be

8e      / 2a     ay\
Dyi _|_ Ey3(ay - 2ax)-y3(2ax - — - — )

aa      \ a 2 /
(21)

/            2a     ay\2
+ [2ax--J (4a2*2 - iay) = 0,

provided that Qi has a cusp at A (1, 0, a). The polar line lof A with respect to

the conic y — ax2 = 0 intersects it again at B(2/a, 4a/a2). If Q\ passes through

£, the locus of the common points between Qi and I consists of the conic and

a covariant quartic

(3) For other interpretations see F. Vychyclo [13, 14].
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(22) - ey*/a* + (ax2 - y)2 = 0.

The latter is particularly useful in determining the unit point.

When Qi given by (21) has at £ a contact of order seven with (20), then

£ = (8e/aa - 8f/aa2).

Furthermore, we can show that the join of the two common points, beside £,

of Qi and the osculating conic passes through a fixed point A ' [ — e, 0, — 2ae +/].

The correspondence between A and A' is a projectivity with unique double

point H(e, 0,/), namely, the Halphen point discovered by Lane [8]. When it

is taken for (1, 0, 0), we have/ = 0. We select further the unit point on the

osculating conic and (1, 1, 0) on (22), so that

(23) a = 1,       e= 1,

and the canonical expansion of the plane curve at its sextactic point becomes

(24) y = x2 + x« + (8).

It should be noted that the selection of the unit point so as to satisfy (23)

is not unique, but one of the three points ( —1, 1), (i, —1) and (■—*, —1) can

be taken for the unit point without changing the form (24).

2.2. The canonical expansion of a plane curve at a generalized sextactic point.

A point £ on a curve C is called a ¿-ic point if the osculating conic has at £

a &-point conic with the curve C (k^6). Neither Lane's method nor ours in

the foregoing section can be utilized in this case. We shall now determine the

canonical expansions of a plane curve at a 7-ic or 8-ic point.

(i) The 7-ic point. A necessary and sufficient condition that £ is a 7-ic

point is af-^0 and e = 0. If the quartic (21) has at £ a contact of order eight

with (20), the equation of the quartic (21) takes the form

8/
yi — .— y3(ay — 2ax)

a

(21')

(-«£ + »
\       a a /

/                        a2y\2
+ Aa(ax2 - y) I 2aax -2a-J = 0.

The polar line of A with respect to the osculating conic of C at £ intersects

(21') at three points, and when a varies, one of them describes the curve

(25) (- xy + — y2) yi + 4a(ax2 - y)3 = 0.
\   a2 a3     /

This curve intersects the osculating conic in two different points on the line

(26) - 3afx + gy = 0.
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Evidently, g reduces to zero if (26) is taken for the side x = 0 of the triangle

of reference.

In order that the unit point be on the osculating conic and (1, 1, 0) on the

curve (25), it is necessary and sufficient that

(27) a = 1,       / - - 2/3.

The canonical expansion of the curve C then becomes

(28) y = x2 - 2x7/3 + (9).

It is worth noticing that any one of the four points

((l^)1'5«2'"", (1/4)i/se«-/5) (k = 1, 2, 3, 4)

may be used for the unit point without changing the form (28).

(ii) The 8-ic point. If P is an 8-ic point, then

ag ?£ 0,        e = 0,       f = 0.

Neither the Halphen point nor the covariant line (26) can be determined. We

require a further modification in the derivation of the canonical expansion.

In this case (21') becomes

(21") 4gy*/a + 4a(ax2 - y)(2aaz - 2a - a2y/2)2 = 0,

which has at P a contact of order nine with C if

(29) a = A/2«.

Thus we arrive at a covariant point (2g, 0, h). Upon selecting S for (1, 0, 0),

a and h reduce to zero and the corresponding 10-point quartic of 5 is found

to be

(30) gy*/a + a3(ax2 - y) = 0.

If the common points of x = 0 and (30) are projected from S to the osculat-

ing conic, we obtain six points of coordinates

(31) (± (l/aY'^g/a'Y'W2, 1, (g/a*)1'3«'*)       (k = 1, 2, 3, «» - 1, co * 1).

By choosing any one of them for the unit point both a and g reduce to 1, so

that the canonical expansion of C in the neighborhood of P is found to be

(32) y = x2 + x* + (10).

Chapter II. The projective differential theory of curves

in five-dimensional space

In §3 we construct a covariant pyramid of reference at an ordinary point

of a curve in five-dimensional space. In addition to some simple interpreta-

tions of the invariants of the curve the canonical expansions of five different

types are given.
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3. The covariant pyramid. Suppose that the point P = P(u) describes a

curve T in five-dimensional space where m is a parameter. Take {PPiP2P3PiP6}

for the local pyramid of reference associated with a generic point P of V,

such that P, lies in the osculating linear space S,(P) of j dimensions at P to V,

but not in the osculating space 5,_i(F). Any point Q in the space can be ex-

pressed by^Z5_0 X,PT, where Po = P.

The nonhomogeneous coordinates are defined by putting

xi = Xi/ATo, x2 = Xi/Xo, • • • , Xi = Xi/Xo-

In case the parametric equation of the curve is of the form

s

Xiu)   =   £ Xriu)Pr,
r-0

the expansions of the nonhomogeneous coordinates of T are

(1) Xi = ¿ bi,i+j(xiy+>- ( II Ki *0,i = 2,3, 4, 5),
j-0 \     2 /

where &<,<+, are local functions.

3.1. The developable hyper surface of V. Since Xi depends upon u, we may

regard xi, Xi, X2 and X3 as parameters and obtain the parametric equations of

the developable hypersurface of T :

Xo = 1,        Xi = xi + Xi,

(2) 3        d"xk

I*=it+E^ 7—- (* = 2, 3, 4, 5).
.-1      (dxi)'

The section C of this hypersurface produced by the osculating plane of V at

its ordinary point P is given by the equations

Xo = D[dx3/dxi, dxi/dxi, dxi/dxi],       Xi = D[xi, x3, xt, x6],

X2 = D[xi, x3, Xi, Xf,\,       X3 = 0,       Xi = 0,        Xi = 0,

where D[ ■ ■ ■ ] denotes the Wronskian.

Putting, for brevity,

V" 00 V" °° V °°
^0 ^-v » ^1 ^-v » -A 2 2   ^-v »

(4) £0 = —y = ¿^ -B»*!.     £1 " —ï = ïi >, C,*i,   £2 = —- =«iL #'*i.
Xl 0 Xi 0 Xi 0

we find that if P2 lies on the osculating conic & oí C and if FiF2 is the tangent

to d, then

2DoBoCi - CoDoBi - C0D1B0 = 0,
(5) 2 2 22

DoFotd + 2CoÇ2) - CoBiDo - D1B1C0 - BoD2C0 = 0.

Consequently, the osculating conic of Y at P is given by the equations
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(6)          BoDoX\/cl - X0X2 = 0, X3 = 0,       Xi = 0,       X5 = 0.

A simple calculation gives

5 5

£0 = 120 II *.-.<. Co = 48 II bi.i,
3 3

K .    ( -K    \ h
Do = 12 n hi, Bi - 26». {n *.-.*)

(7)      Ci = 180 ( n j,,, j—,    £1 = 48 ( n »m) •
\     3 / 06,6 \     2 /

»6,6

^6,6

2>6.6
-)

&6,6

£2  =   -  33-2003,304,6*6,6 +  7.144S3|3Ô4,4*6.7,

C2 =   -  24003,3Í4,6&6,6 + 33-2463,3J4,466.7,

D2 = — 72bi¡2b3,3bi,tbi,s + 120b2t2b3,3bi¡ib6j.

Substituting them in (5) and (6), we have

(8) ¿5.6=0,

and

(9) 5¿5.6&4,6  -  4Ô4.4Ô6.7  =   0.

When £ is an ordinary point of C, we define the fundamental triangle

{££i£2} by the method stated in §1.1. The cubic,

2 2

/DoBo    2 \ i(2C3Bo      BoD3     BoB3\
(10) i—~Xi-XoXi)Xo-XiX2(----—-— ) = 0,

V C2 ) \ClDo       CoDl     CoDoJ

which is determined by the conditions : (i) it passes through Pi ; (ii) it is tan-

gent to (6) at £2; and (iii) it has at £ a contact of order five with C, should

have at £ a contact of order six with C. In other words,

(11) (£o50/Co2)(C22 + 2CoC4) - D0Bt - DiB0 - D2B2 = 0.

Otherwise, for A^0,
i        2

/DoBo    2 \ i(2C3Bo      BoD3     BoB3\ 3
(12,      (_ X, - XA) X, - X,X,(— - — - —) + AX. - 0

would have at £ a contact of order six with C, which contradicts the hy-

pothesis that £i£2 does not pass through any point common to (12) and the

osculating conic.

3.2. The construction of the quadric Q3. A plane passing through ££1 and

lying in the osculating three-space of Y at £ is given by the equations

(13) X3 - LiXi = 0,        Xi = 0,        X6 = 0.
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If the osculating planes of T be projected from a point (1, 0, p, 0, 0, 0) on the

above plane, we obtain a plane curve f i, whose equations are easily found to

be (13) and

1      r t 1     r
Xi = —D[xi, Xi, x6],        X3 = — D[x3, Xi, Xf,],

(14)

Put

(15)

Then

xi

where

1     Vdxi    dxf\       1      r 1 1
Xo = — D\ —> -—   -\-D   Xi, xt, — x3— x2[.

x\    Ldxi    dxiA     px\    L m J

v S                    y

Xi = xi £ E'Xi, X3 = xi X) F,xi,
0 0

i»                           1       3 °°                         j.    «

Xo =  £ G-si H-ft E F»*I — — X #»*i-
0                         PP 0                          P      0

E, =    £    &4,4+-i&6,5+»s(3 + Vl)(4 + V2)(l   + Vi  —   Vi),

»l+'i—»

F, = X) ^8,M-nÍ4,4+|.2¿'6,6+F,P(>'l,   1  + V2,  2  + V3),
'í+'i+n—"

Gy  =     £     (4 + ''OÍS  +  >'2)¿4,4+ní,6,5+»j(l  +  ^2  —   Pi),
ri+>.2=>.

S,  = £ —  *2.2+KlÖ6,5+K2&4.4+»sP(»'l,  2 + J% 3  + Vi)

'l+'i+'S—'

n

P(mi. Ma, • • • , Mb) =   II (m< — Mí).
Oièl

For the subsequent discussion it is convenient to give here an outline of the

theory of singularities of a plane curve [5, 6J. If the expansions of the coordi-.

nates of a plane curve are

oo 00 oo

x = s£ a,s',        y = sm^2 byS",        z = 1 + ]T cys",
0 0 1

the point (0, 0,1) is a singular point of the curve denoted by Sim. When (m — 3)

conditions are satisfied, this singularity is particularly simple. Let tVio,* and

Am k be respectively the coefficients of sk in the expansions of (^2ôbySy)

■ (l + ErcV)"-1 and (Eo-flw-)". If
m .

Am,i — do Uio,i/bo = 0,

the coordinates of the covariant points 0m+i and 0im oí the curve are (1, 0, 0)

and
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(16)       ( -Z~TT\ -¿»».m-l — T"  UlO.m-l ), 1,     m,   /-77\T~ ^10,m— Am,m) I.

Moreover, the conditions of representability become

(17) aüUio.k/bo - Am,k = 0 (* = 2, • • • , m - 2).

From (8) it follows that the Osculant O4 associated with the point of in-

flexion P of Ti always coincides with £1. The coordinates of Ot are

Xi = 0, Xi = 0, X3 =1, X2 = 1/u,

1  (EoF2     2EqG2 F2 E0H0)-<—-H-3-2——j ,
3  ( F0        F0G0 £0 pFoGa !

Xx=-1—r +-3-2
3  ( £0 i'oGo £0

2

Co    IE0/F3      2FoG3      2FoHi EoFo\
Xo =

Go    Œo/F3      2FoG3     2£0£i £<£o\ £3)

2£oF0teW        G2        ~¿gT G2pm/ Go/2£oFo

Eliminating p, we obtain(4) a generator of the quadric Q3 :

Xo       1 /GoF3         G3          GoE3\-= "-(-=- + 2-3-)
X3       2 \ £2 £0 £oPo/

F0G0   / X2      Hi \ /3Xi       ££2 £oG2 £2\
+ —-(-—)( —H-r- + 2-3~ )•

2EoHo\X3       FiJ\X3 F2 F0G0 £0/

X4 = 0,        Xs = 0.

Since £, £1 and £2 lie on the same quadrilateral of the quadric, we take the

fourth vertex as £3. Then

Go££3 + 2EoFoG3 — 3Go£3Fo = 0,       £1 = 0,
(19)

EoFiGo + 2EoFoGi — 3GoFoEi — 0.

It is easily verified by means of (8) that

£0 = 12*4,4*6,61 £0 = 2b3,3bi,ib6,s,

Go  =   2004,4*5,6, £l  =  3*2,3, £2  =   -   2004,6*5,6 + 54*4,4*6,7,

£2  =   —   6*3,3*4,6*6,6 +   1263,3*4,4*6,7, G2  =   ~   30*5,6*4,6 +  84*4,4*5,7.

Hence the last two equations of (19) become

(20) ¿.2,3 = 0,

(21) -  310*5,6*4,6 +  729*4,4*6,7   =  0.

Combining (19) and (21) we find

(4) This is a result analogous to what we obtained in 1942 in studying the point of inflexion

of a space curve, cf. Chang [3].
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(22) *4,6 =  O, *5,7 -  O

and consequently

£3  =   2*3,6*4,4*6,5  —   16*3,3*4,7*6,5 +  20*3,3*4,4*6,8,

G3  =   -   70*6,5*4,7 +   128*4,4*6,8, £3   =   ~  48*5,6*4,7 + 48*4,4*5,8.

Therefore the first equation of (19) becomes

(23) *3,6/*3,3  -  3Ô4,7/*4,4 +  9*5,8/5*6,6  =   0.

The covariant quadric (18) is now given by the equations

(24) Xi = 0,        X6 = 0,        XoX3 = (5b3,3/6bi,i)XiX2.

3.3. The construction of the quadric Qi. In a similar way we proceed to de-

termine the vertex £4 of the pyramid {P, Pi, • ■ • , £6}. In fact, let the oscu-

lating planes of Y be projected from (1, 0, 0, p, 0, 0) to a plane passing through

££i and lying in the osculating space of four dimensions of Y at £ :

(25) Xs = 0,        X2 - »Xi = 0,        X3- vXi = 0.

The equations of the plane curve Y2 thus produced can be obtained by elimi-

nating Xi, X2 and X3 from (25) and

Xo = 1 + A3, Xi - xi + Xi,

Xk = xk + \idxk/dxi + \2d2xk/(dxi)2 (k = 2, 4, 5),

X3 = x3 + \xdx3/dxx + \2d2x3/(dxx)2 + X3p.

The result of carrying out the computation shows that Y2 is given by (25) and

1   i    Ydxb     d(x2 — ixxi)~\       1 1
Xo = — <D\ -—i-   — —D[Xi,, x2 — ixxi, x3 — vXi]> ,

x\ \   \_dxx dxx       J       p )

(26) 1   I      Ydxb    d(xt-itXi)l       d |
Xi = — <XxD\ -—>--—D[xt, x2 - ßXi\V ,

x\ \       \_dxx dxx      J      dxx )

Xi = £[x2, Xi, x6].

For brevity, we put

Ydx6       dxi] 4 A   _,    r rJdx«       dx*~] «A„.     r
D\-> -    = Xx22E/xx, D\-, -    = xiY.F/xx,

\_dxx     dxxJ o Ldxx     dxxJ o

-D[x6, x2] = Xx X) (6 + r)Gr' xx, -— D[xí, Xi] = xi X £/ Xi,
dxi o dxi o

7   °°

£[^5,   X3,   Xi]   =   Xl^2 £*!.
0
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so that (26) reduces to
3

Zo =  X Er x[ — pXi £ Ff Xi-£) /,*,
0 0 P      0

H-¿^ #r*l-XlZ^FyXl,

(27)x ' 00 CO 00

Xi = ¡n£ Fr' xi - X! E^/ (t + 6)xir + jux'E [0 + S)Bf - Ft' }x[,
0 0 0

oo

Xi  =   Xl E -ffrXl-
0

The point P is evidently a singularity [5] S\ of T2. Since the osculant Ce al-

ways coincides with Pi, the singular point S\ of T2 is representable when and

only when

Fo' - 6Go' / Hi Ei - pFi\ Ei - 8G2' 8H0' - F0'
(28)-h 3-) - 4-—-4p-= 0.

E¿       \Ho Ei      ) Ei *        Ei

Therefore T2 has a representable singular point at P if and only if the plane

(25) belongs to the three-dimensional space X6 = 0, X2—pXi — 0, where p is

given by (28). To select P4 in this space brings p to zero, and (28) to

Ei - 6Gi /Hi Ei - pFi\ Ei - 8G2'
(28') -;-(- + 3 -;-) - 4 = 0.

£o        \ Ho Eo       / £o'

A simple calculation of Wronskians shows that

Fo' = — 3065,562,2,       Fo   = — 2005,564,4,       Go   = — 3b2,2bi,i,

(29) Hi = — ¿V6Ô4.4, -ffo = 662,264,465,5, 70 = 662,263,306,5,

H2 = 0, Ei = - 2064,4*5,6,       Gi = - 62,465,6.

Hence (28) becomes

(30) 62,4 = 0.

The coordinates of the covariant point Os are easily found to be

Xi = 0, Xi= 1, X3 = v, X2 = 0,

-Ei
Xi =

r/ Ej - oGj \ /Eh Ei\ Ej - 9Gj 1

4Hol\      Ei       )\Ho Ei) + 3~~E~i       J

(31) 310   / £0' - 6G„' \

4pH0\      Ei       A

1 r£o'#4      3£4'      4E0'/ Ei - lOGi \-\ 1

X° " Jl~W + ^0" " "*A Fo' - 6Gi )1 +~pH~o{-Il + VH0)'
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whose locus is a quadric Qi :

£o Hi      3Ei       £4  — IOG4

Hq Ho IOHo

E,' - 6G3'
4

£o__ j_r

z4 ~ 3 L"

3\Eo'-6Go'/\     h       h   Xi )

YXx      Ej / Eo' -oGo'\/ H3      3£3'\

1*7      g7\        £/       AHo      ̂ Ëo7"/ 6£o      j
Z6 = 0,       x2 = 0.

In order that {£o£i£3£4} be a quadrilateral on Qt, it is necessary and suffi-

cient that
/i = 0,

((£0' - 6G0')/£>')( £3/£0 + 3 iEJ/Eo')) - 4 (£,' - 6G3')/£„' = 0,

EQ'Hi/H2 + 3Ei'/Ho - 10(£4' - 10G4')/£0 = 0,

or

(33) *3,4 = 0,

(34) 25*4.7/*4,4 -   18*6.8/*6,6  =   0,

(35) -  20*2,S/*2,2 + 45*4,8/*4,4 -  28*5,9/*6,5 =  0,

because of (8), (20), (22), (23), (29), (34) and

£3' =   96*2,2*6,8, G3    =   —   6*2,2*6,8,

£3 =   (—  30*4,7/*4,4 + 48*5,8/*5,5)*2,2*4,4*6,6,

Hi =   (2&2,6/*2,2 —  54*4,8/Ô4,4 +  70*6,9/*5,5)*2,2*4,4*6,6,

£4' =   (-   126*5,9/*5,6 + 30*2,6/*2,2)*2,2*6,6,

G4' =   (—   7*6,9/*6,6 + b2,i/b2,2)b2,2*5,6-

Putting

(36) bi,i/bt,i = 72o>i,

we know by means of (23) and (34) that

(36') *5,8/*5.6  =   100(01, *3,6/*3,3  =  36wi.

3.4. The construction of the quadric Qi. We come now to locate the remain-

ing vertex Pi of the covariant pyramid {£, £1, £2, £3, £4, £5} • A plane p

passing through ££1 is, in general, given by the equations

(37) X2 - viX6 = 0,       X3- v2Xb = 0,        Xi - v3Xi = 0.

If a three-dimensional space contains the point (1, 0, 0, 0, p, 0) and the oscu-

lating plane of Y, then it must be given by the equations
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2 d'Xi
Xo = 1 + Xi,       Xi = Xi + X2,        Xi = Xt + 2-1 Xk+i ——:—h Xip,

_i (dxi)'

(38) 2 d'Xk
Xk= xk+2Z X,+i 77— (k = 2, 3, 5),

F-l (öXl)'

where $%, Xi, Xä and X3 are parameters. Eliminating Xi, X2 and Xs from (37) and

(38) we obtain a plane curve r3, which is given by (37) and

1  (   r d d "I
Xo = —\D\—(xi- vixi), — (x3 - v2xi)

x{ \   Ldxi dxi J

-Z»[x2 — j»iXS, x3 — v2x6, x4 — v3Xi]> ,

P '

1  1       V d d H
(39') Xi = —<xiD\—- (xi - vixi), — (x3 - wtxi)

x[ \      Ldxi dxi J

d        r 1)
-D[X2 —  V1X5, X3  —   V2Xi¡>  ,

cfxi )

Xi = — Z?[x6, x2, x3].
«1

We put

r¿X2    dx3-\        ,' , Taxi    dxil        ,« ,
D\ —, ——   = xi 2^1;xi, D\-> —-   = xi ¿^Jixi,

Loxi    axiJ 0 Loxi    axiJ 0

00 d °°

D[x2, x3, Xi] = xi E J>xi, ~—D[xi, x3] = xi E K-'xi,
0 dxi 0

and substitute them in (39'), so that T3 is given by (37) and

Xi   =    Xl   ¿~2   IyXl,
0

00 00

Xx = xi zZ W - Ky')x"i + VixlzZ [Ei - Gr'(v + 6)]x'i
0 0

00

(39) +vix\¿Z(Li -J!)x\,
0

00 00 00

X9 =  2~2 H xi + 1-2X1 2~1 & xi — vixi E J' *i
000

-¿_, JyXi H-Xi ¿^ IyXl-Xi¿_, HyXi H-Xi2_j FyXi.
P    0 p 0 po Po

The curve r8 has a singularity 5Î at P, whose covariant point 06 also coin-
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cides with £1. But the covariant points 07,,- (i=l, 2) [6] will coincide when

and only when

5
do (U - Ko'\s/I2   ,   t U +E¿v2\

ültA _ Ai¡2 . (___j (_ + 4 ___j

/ 7o' - K¿\l/I¿ - £2' + yaJSp' - 6»2Go'\

In other words, the plane (37) should lie in a particular four-dimensional space

X2 — v2Xi = 0,

where v2 is the solution of the above linear equation. To select £5 in this space

makes v2 vanish, that is

(410
— £0 ¡I2          I2 \          Ii  — £2-(—+ 4 — 1 - 5-— = 0.
h'     \h      u) u

Since

Io    =   6*2,2*3,3, £0     =  4*2,2Ô3,3,

(42) ,
Il  =  0, Il    =   18*2,2*3,6, £2     =   12*2,2*3,6,

(41 ') is equivalent to

(41) *3,6 = 0.

If we further impose the condition that the covariant points 08,,- (j'= 1, 2,3)

[6] also coincide

*o
(43)

( Io' - K¿\'/I,       t Ii -pJo'\

u-'-A'-(-ir-)(T, + i~jr-)
/ Ii - Ko'YfU - Kj + viLj - viH\ _

The singular point £ of T3 is then representable only when (40) and (43) are

consistent. If we select £5 in the common part of x2 = 0 and x3 — ><2iC5 = 0, then

vi vanishes,

(44) (U - Ki) (~ + 4 4-) - 5(/,' -£,')= 0.
\/o do  /

From (8), (20), (22), (30), (33) and (40) we find that

Ii    =   -  30*2,6*3,3 + 4802,2*3,6, Iz  =  30*2,2*3,3*5,5 (~ ~ ~   7^),
\*5,6 5     *3,3/

(45)
£3     =   28*2,2*3,6  —   14*2,6*3,3.
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(44) is now simplified to the form

(46) bi.s/h.i + 4bi,i/bi,i - 463,6/63.3 = 0.

In virtue of (36), (36') and (46) it can also be written as

(47) 62,5/62,2 = Hcoi.

The coordinates of the osculant O10 are

Xi = 0, X3 = 0, Xi = v3, Xi = 1,

(48) 5/oL3\/o Jo'       pH ) H       J

Jo' fh        (H       "3Jo        Ji \ Ii - Kil
Xo =-   —+ 4( —+-■-) - 15-   ,

4J„L/o \Jo'        pJo'        PU ) I i       J

whose locus is a quadric Qi :

X2 = 0,       X3 = 0,

Xo _Ii   (Ii    41 i H-Kj\

(49) Y¡~4To\To     U "    Jo'      j

+¿(í£;_7lVÍ+üri(ii+4 £LU 1L2LTL.
4\JoXi       /I AY   5JoL3\Jo        Ii J H     Ji

Since Pi and P2 lie on the quadric Qit there is a point T(?¿P), through which

the two generators of Q6 pass through Pi and P4 respectively. We select F as

Po. The equation of the quadric (49) now reduces to

4   64.4
(50) X2 = 0,       X3 = 0,        X1X4 =-Z0X6.

45 65,6

Thus we have

(51)

1 rJ4 Ii 1 Ii - Ki

Jo        Jo Jo

Calculating Jit Ir, I i, Ki (r = 4, 5) as well as I3, I3 and K3 , we obtain

(4     65,9          62,6 ¿3,7\
—-h-5 -— 1,
3   66,6      62,2 63,3/

H = - 5462,063,3 + 70ô2,263,7,        Ki = - 2463,362,6 + 4062,263,7,

J5 = 5662,263,365,10 + 1666,662,763,6 — 5462,266,563,8,

Ii = - 8463,362,7 + 9862,263,8,        Ki = 5462,263,8 - 3663,362.7.
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Consequently, (51) becomes

(53) *4,5 = 0,

(54) 7*5,./*6,6 -   100*8,7/3*3,3 + 40*2,6/*2.2 =  0

and

(55) 28*5.io/3*6.6 + 200*2,7/3*2,2 - 50*3,8/*s,3 = 0.

The pyramid {£, £1, £2, £3, £4, £5} thus obtained is called the fundamen-

tal pyramid of the curve at the point £.

4. Canonical expansions and projective Frenet-Serret formulae. There are

five species of ordinary curves T in a projective five-dimensional space. Every

point of r may be either an ordinary point of the associated curve C or a

fe-ic (k = 6, 7, 8) point. The pyramid in the last section is only valid where

every point of Y is an ordinary point of C, because in other cases the deter-

mination of £2 requires a particular modification.

4.1. The case where every point of Y is also an ordinary point of the curve C.

Usually, the osculating conic of Y has at £ with C a contact of order equal to

or less than four, that is

(56) (2D0Bo/Co)C3 - £»£3 - BiDo ^ 0.

Through a calculation of Wronskians we reach

JL r       *3,6 *4,7 *5,8~1
£s = 60 II*...   4 -L. - 28 ~- + 32 -¿-  ,

3 L       *3,3 *4,4 *5,bJ

-A- *3,6 *4.7 bi,i\

(57) C3 = II hi   120 -^ - 768 ~ + 840 -- \,
3 L *3,3 *4,4 *5,6J

tV r *3.6 *4.7 *6,8"|
Ö3 = II *<..   48-240-+240-  ,

2 L *3,3 *4,4 *6,6J

JL.           F              *3,7                           *4,8 *5,»1
Bi = II *<.«•   840 —- - 3600 —- + 3240 —-   ,

3 L *3,3 *4,4 *6,6J

,      ,                                    Jîr           F              *3,7                           *4,8                           *5,9"|
(58) C< = II hi   432 — - 1680-+ 1440 —  ,

3 L *3|3 *4,4 *6,6J

~Xr *2,6 *3,7 *4,8 *5,»~|

D* = II *.-.•■   - 12 — + 180 —- - 540 — + 420 —- \.
2 L *2,2 *3,3 *4,4 *6,6J

Substituting (36) and (36') in (57) we have

5 6 6

£3 = 960-8311 *.\«oi.       C3 = 256 129ll*.-.<wi,       £3 = 33-25611 *<.<wi-
3 33

Hence wi^O, because of (56).

and
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We have selected the fundamental pyramid in §3, for which ££2 is the

projective normal of C, so that, as G = 0, £2 = 0,

(59) 2(D0B0/Co)Ci - DoBi - £o£4 = 0.

From (7) and (59) we obtain

(60) -  4*3,7/*3,3 + 5*4,8/*4,4 -   2*5,9/*6,6 + *2.8/*2,2  =   0.

Putting

(61) *2,e/*2,2 = 244w2

and using the relations (35), (54) and (60), we find

(62) *3,7/*3,3  =   591«2, *4,8/*4,4  =   992o)2, *5.9/*5,5  =   1420o>2.

The expansions of the nonhomogeneous coordinates of Y must be

r    2 5 6, 7

X2  =  b2,2[Xl +   llù)l*i +  244ù>2*lJ   + *2,7#1 +   (8),

x3 = b3,3[xi + 36coia;i + 591o>2*i] + *3,s*i + (9),

(63) r   4 7 8, 9
Xi = *4,4[*1 + 720)1*1 + 9920)2*l] + *4,9*1 +  (10),

r    6 8 9, 10
Xi =  *6,6l*l +  100o>l*l +  1420o)2*lJ  + *6,10*1    +  (11).

The unit point in the plane {££i£2} can be chosen in the same way as in

§1.3. Therefore the cubic (10) is to be given by the equation -X20X2+X\Xo/2

+XiXl/2=0. Hence D0Bo = C20/2, -2BlC3/C^Do+B20D3/CoD20+B0B3/CoDo
= 1/2, whence,

(64) *2,2 = 4/5,       o)i = - 1/500.

We further select the unit point in space such that (1, 1, 1, 1, 0, 0),

(1, 1, 0, 1, 1, 0), (1, 1, 0, 0, 1, 1) lie on Q3, Qi and Q6 respectively. This implies

(65) *3,3/*2,2  =  6/5, *4,4/*3,3  =  3/10, *6,5/*4,4  =  4/45.

The expansions (63) now are of the form

4/2 11        6 6\
= — I Xi-Xi + 244o)2a;i )

5 \ 4-53 /
x2 = — I x[ -    -xi + 244o)2*ï ) + *2,7*i + (8),

(66)

24/ ,        36     «
— ( Xx-
25\ 4-53

Xt » ~¿l X\ - -~- X\ + 591o)2*ïj + *3.8*1 +  (9),

/   4 72 7 8\ 9
xx = ——I xx-— *i + 992o>2*i ) + *4,9^i + (10),

125 \ 4-53 /

/2W    5 1       8 9\ 10
= ( — ) f *i - — xx+ 1420o)2*iJ + b,Mxi + (11).

125

*5
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Let (Pi) (1 = 1, ■ ■ • , 5) be the locus of Pi, and let z{(u) (j — i, • • • , 6) and

z'(u) be the homogeneous coordinates of the curves (P^ (1 = 1, ■ ■ ■ , 5) and T

with respect to a certain coordinate system; then from the definition of the

fundamental pyramid there exist functions a, b and aim such that

dz dz,       f+i,
(67')    — = az + bzi,    —— = z_, a>,izi>

du du       j_o

dzi        '

du       j_o
(s = 1, 2, 3, 4).

Evidently there can be determined, save for a constant factor, a unique func-

tion a(u) such that
d(cz)/du = azi.

Hereafter the coordinates z'(u) and z{(u) (1 = 1, ■ ■ ■ , 5; j = l, ■ ■ • ,6) multi-

plied by a(u) are still denoted by z'(u), z¡(u). The equations (67') now re-

duce to

(67)       — = azi,
du

dz.       «+i
—— = ¿^ a'.izi<
du       ¿_o

dzi «
— " 2- a5.^      (* = 1> 2< 3> 4)-
du       ¡=.0

If Xi, • • • , Xi are the nonhomogeneous coordinates of a fixed point in the

space with respect to the local coordinate system thus determined, the con-

dition of immovability is

d

du
(z + ¿Z XjzA = \(u) (z + £ XjzX

or

(68)

i dxi «
X(«) = 2_¿ a«-,ox<,        Xxi = a + —-1- 2-, «».ix,-,

<-i du        <_i

dxk 6
Xx* =-h  ¿-I Qi.kXi

du       .j_i
(k = 2, 3, 4, 5).

Therefore the elimination of X, dxi/du and Xk (k = 2, • ■ • , 5) from (66) and

(68) gives four equations. Consequently, we have the relations :

«3,4 = 6o/5,       04,4 = 4ffi,i,        3di,o — 16a2,i/5 + 4a6,4/45 = 0,

■a2,o - 8a3.i/5 + 21a/50 - a3,4/10 = 0,

72a3|0/25 - 8-992aco2 + 126ai,i/625 - 144a4.i/625

+ 1970a3,4co2 - 2a4,4/5 = 0,

36-548a2,i/57 - 18-(2/5)7a6,i + 35-24a4,o/56 - 35-24ai,0/5«

- 210-9-31ai,ico2/53 - 24a6,4/55 - 9a64,9

+ (2^ ■ 279/53)dco2/du + «3,463,8 + 279-27a4W625 = 0;

(69i)
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«4,6 = 4a/9,       a6,5 = 5ai,i,        ai,0 = a2,i,

24a2.o - 24a3,i + 8a - 81a«l8/10 = 0,

(692) 96a3l0/25 - 36a4,i/25 + 8di,i/5 - 11160ao>2 + 248.45a4,60)2 - a6,5/5 = 0,

44-9a4.o/57 - 7-24ai,o/55 + ll-24a2.i/57 - 28a6,i/57 + 29a2,i/58

- lOais.io + (71-26/53)do)2/áM + 04,5*4,9 - 26-284a1,io>2/53 = 0;

01,2 = 8a/5,        «2,2 = 2ai,i,        ai.o = 2a3|2,

80ö2,o — 192a3,i + 11a + 36a4,2 = 0,

(693) 15-25a3,o - 9.25a4.i + 55ai,i - 732000ao>2 - Ha2,2 + 16a6,2 = 0,

144a4,o/54 + ai,„(- 88/54) + 28-lla2,i/5s - 27a6,i/55

- 183 • 2sai,iu2/5 - 7b2.7a + (976/5)da2/du

+ 976a2.20>2/5 - 63a3,2/58 = 0;

a2,s = 18a/5,       a3,3 = 3ai,i,        20ai,0 — 24a2.i + 3a4,3 = 0,

2*.15a2.o - 33-2«a3,i + 64a/5 - llöj.i + 16a6l3 = 0,

(694) 1152a3,o - 33.28a3,i/5 + 64a/5 - lla2.3 + 16a6,3 = 0,

33.26a4,o/55 - 63ai,0/54 + (216■ 197/25)dwi/du - 8a*3,8

- 197-288ai,io)2/25 + a2,i(1656/56) - 115206,1/5«

+ a2,3*2.7 - 34-8a4,3/56 = 0.

Some simple calculations show that (69¿) (i = l, 2, 3, 4) are equivalent to

ai,2 = 8a/5, a2,3=18a/5, a3,4=6a/5, a4,6=4a/9,

a2,2 = 2ai,i, a3l3 = 3ai,i, »4,«— 4ai,i, a5,5 = 5ai,i,

(69') a2,i = ai,0, a3,2 = ai,0/2, a4,3 = 4ai,0/3, a5,4 = 9ai,0/4,

a2¡o—a/ÍO, a3,i = a/4, ..a8,3 = 291a/40, a4,2 = 29a/36,

ai,i = 53-33aw2/-2, a3,o = 54-51ao>2/8, a4,i = 2587-53ao)2/72, a8,2 = 53-2699ao)2/2s,

and

7a*2,7 = 144a4l0/54 - 4ai,0/54 - 784ai,io>2 + (2*-61/5) du2/du - 27a6,i/55,

8a*3i8 = 17-33-25a4,o/7-5i + 88-27ai,o/5«-7 + (33- 8- 541/27 -5)dui/du

- 232- 2880140)2/25 - 34-27a6,i/5«-7,

(69")    9a*4,9 = - 9-863ai,o/14-57 + 34-472a4,o/56-7 - 2s-747a8.i/7-57

- 603.26ai,io)2/25 + (18-18757/53-7)aWdM,

10a*6,io = 2s.799a4,o/57-7 - 5758ai,.0/57-63 - 27.209a6,i/57-63

- 2«-3299ai,1o)2/125 + (8-54541/53-63)a'o!2/a'M.
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By use of (55)

Ö4.0 = 50978ai,o/997-252 - 9256a6,i/6993 + 5<-160544aMco2/997

+ (54 • 1334107/36 • 997)¿co2/¿«.

Thus (67) becomes

dz/du = azi,

dzi/du = a(Jiz - 53-33J2zi/2 + 8z2/5),

dzi/du = a(z/10 + JiZi - 53-33J2z2 + 18zs/5),

dz3/du = a(J2(54-51z/8) + zi/4 + Jiz2/2 - 53-34J2Z3/2 + 6z4/5),

dzi/du = a [(1/997) (50987Ji/252 - 9256J3/9 - 5?-33- 802721\

+ (54 • 1334107/3b)dh/adu)z + 2587-53J2zi/72 + 29z2/36

+ 4JiZ3/3 - 250-33J2Z4 + 4z6/9j,

dzi/du = a[liZ + J3Z1 + 53-2099J2z2/26 + 291z3/40

+ 9JiZ4/4-54-33J2Z6/2],

where we have denoted ax,o, 05,1, a6,o and co2 by alt, al3, al4 and J2 respectively.

Evidently, a, Ii (i = l, 2, 3, 4) are five projective invariants while adu is an

intrinsic form. Putting adu = da we have

dz/da = Zi,

dzi/da = Iiz - 53-33J2Zi/2 + 8z2/5,

dz2/da = z/10 + I1Z1 + (- I5)3l2z2 + 18z3/5,

dzi/do- = 54-51J2z/8 + zi/4 + Jiz2/2 - 53-34J2z3/2 + 6z4/5,

(A) dzi/dc = (1/997) (50987Ji/252 - 9256J3/9 + (54 ■ 1334101/36)dl2/do-

- 57-33- 80272ll)z + 53 • 2587J2zi/72 + 29z2/36

+ 4Jiz3/3 - 33-250J234 + 4z6/9,

dzi/do- = Iiz + J3Z1 + 53-2099J2z2/26 + 291z3/40

+ 9/lZ4/4 - 54-33J2z6/2.

Either (t\, «i, 1) or (t2,, e2, 1) can be taken for the unit point in the plane

{PPiP2} (cf. §§1.3, 1.4); similarly, each of the two points (e2,, e¡, 1, e¡, e¡, 1),

(íj=1, e¡5¿l,j=l, 2) can be taken for the unit point in the five-dimensional

space. This gives rise to a projective transformation F, under which z, Zi, z2,

z3, z4, Zi correspond to efz, eßi, z2, e¡z3, e¡Zi, z6 respectively. Accordingly da, 2i, J2

and J3 are transformed to e,dcr, e¡Ii, e|J2, 6,J3 but J4 is invariant.

Furthermore, elimination of zi, Z2, Z3, z4 and z6 from the equations (A)

gives a differential equation of order six (B) invariant with respect to F. The

curve in consideration now possesses four invariants J,- (i = 1, ■ • ■ , 4) and
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an arc-element der. Given four analytic functions I ¡(a) (j = \, • • • , 4), the

coordinates of a curve in five-dimensional space having Ij(<r) as its projective

invariants and da as its projective arc-element are independent solutions of

the differential equation (B).

4.2. The Frenet-Serret formulae in the case where C always has P for its

sextactic point. Since no projective normal can be drawn at a sextactic point

of a plane curve, the vertex P2 in the present case cannot be determined as

before. But the way of determining the canonical expansion of a plane curve

at its sextactic point furnishes a covariant triangle {££i£2} and a unit point

in the osculating plane so that the other vertices of the covariant pyramid and

the covariant unit point in the five-dimensional space can also be defined

without any difficulty.

In fact, from (7) and 2(£»0£o/Co)C3-£o£3-£3£o = 0, we have

(71) o)i = 0.

Hence neither (59) nor (60) exists.

From the definition of the triangle {££i£2} and (21) and (23) in §2.1 it

follows that the quartic

8X2(^2 - 2Xx) - 8X2(2X1 - 2Xo - X2/2)

+ (2Xi - 2X0 - X2/2)2(4XÎ - 4X0X2) = 0

has at £ a contact of order seven with C. Since £, = 0, C< = 0, £¿ = 0

(i — 1, 2, 3), we obtain after substituting (4) in (72) that

Co2 - BoDo = 0,       £0 + £o(2CoC4 - £o#4 - £*Do) = 0,

2CoC8 - £o£8 - £|£>o = 0,

which are equivalent to

(74) J2,2 = 8/5,

(75) (2/5)4 + *2.«/*2.2  -   4*3i7/*3,3  +  5*4,8/*4,4 -   2*8,9/*6,6  =   0,

(76) 8*2.7/*2,2 -  20*3>8/*3,3 + 20*4,9/*4.4 -   7*5,lo/*6.6 =  0,

because of (7) and

-Xr *3,8 *4,9 *6.1oT
£5= 60ll*.-..-   2»—--33-4—+ 84——  ,

3 L *3,3 *4,4 *6,6 J

■Xr Y *3,8 *4.9 bi,xo~\
Cs=  II*.-,.-   7-144 —-6-83—+28-34^-  ,

3 L *3,3 *4,4 *5,6 J

Xr *2,7 *3.8 *4,9 *5,10 "1

£5 = 48 II*M   - r- + 9 -- - 21 ~ + 14 -~  .
2 L 02,2 *3,3 *4,4 06,6 J
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Combining (65) and (74) we obtain

(77) 63,s = 48/25,       6*,4 = 72/125,       65,5 = 26/54.

For convenience we put

(78) 65,9/66,5 = co2;

then (35), (54), (75) and (77) give

¿2,0/62,2 = 61co2/355 + (45/71) -(2/5)«,

(79) 63,7/63,3 = 591co2/1420 + (54/71) • (2/5)4,

64,8/64,4 = 248co2/355 + (20/71)-(2/5)4.

The expansions of the coordinates of T are no longer (66), but take the form

(80)

8  r 2      / 6IC02       45/2 \4\   el 7

48 r s      /591co2      54/2 \4\   7"! ,

-•5Í» + (l5o+?K7) H+ •"*.+ «*
r 4      /248co2      20/2 \*\   8-| 9

Lí' + (li^ + ̂ (T))"J + i''•*• + (10,'X4 = -
125

2    r 6 9, 10
Xi = -  [X! +  (cú2)XlJ  + 65,10X1    +  (11).

5*

However, there are, as in the former case, functions a,-,(«) and a(u) satisfying

(67). Some computations suffice to demonstrate that

Si,j = 16a/5,     .a2,3 = 18a/5,      03,4 = 6a/5,        «4,5 = 4a/9,

a2,2 = 2ai,i, «3,3 = 3ai,i, 04,4 = 4ai,i, «6,6 = 5ai,i,

(81)
02,1 = ai,ol2,       a3,2 = ai,0/2,       a4,3 = 4ai,0/3,     a6,4 = 9ai,0/4,

c»2,o = 0, a3,i = 0, a4,2 = 0, a8,3 = 0,

as well as eight other relations

(81')

72 /61co2        144 \       2
-«4,1 — 3a I-1-) H-a6,2 =0,

25 \ 71       71-25/     25

72 32 1135a 64
-04,1 H-03,0 — •-■ C02-• a = 0,

25 5 284 71-53

72 36 1393a 26-7
-a4,i + ■—■ a3,o-C02 -\-a = 0,

25 5 284 71-53

24 64 391a 26
-04,1 + ■—■ ö3,o — ■- C02 H-a = 0,

25 25 213 213-25
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*2,7 1   / 72 2« *2,6\
—— = —I «4,0--—; — —05,1 — 4ai,i-— ),
*2,2      7a \        125      54 *2,2/

*3.8       1 r72-31 33-26 /     *3,7       3   *2,6\-]
-= —  -a4,o-a6,i + 4ai,i (-■-)   ,
*3.3      8a|_53-7 7-54 \     *3,3       7   *2,2./J

,0,„x *4,9       1 T73-36 24-83 /     2*4,8      *3>7       3   *2,6\"1
(81") -= —   ■-— a4,o-a6,i + 2ai,i (-— ■—- )   ,

*4,4     9a[_53-7 54-7 'V      *4,4       *3,3       7   *2,2/J

*6,io        1  |~- 26-30187 25-128239
-—-■ =  -    -'-  04,0   —   '-'-05.1

*6,6       lOaL   92-54-7 56-7-36

26ai,i/      93-5 *5,9      2*4,8      *s,7       3   *2,6\~|

5-93 V       8    *5,6    "*TT~ h¡~T *I¡/J'

From (81') we find

o)2 = 26-5413/525-4421,

a3i0 = (6a/5)- [24-19/71-52 - 129o)2/142],
(82)

a4,i = a(1358/3195 - 25-3199o)2/71-9.26),

a6,2 = a(24-407/355 + 61675o)2/568).

Substituting (81") in (55) and (76) we are led to

(83) 04,0 = Ci0i,i,        a6,i = C2ai,i,

where Ci and C2 are two constants. If the invariant form adu be denoted by

da, and the projective invariants 01,0/0,01,1/a and a6,o/ö by £, I2 and I3 re-

spectively, then the projective Frenet-Serret formulae read :

dz dzi 16 dz2       1 18
—— = zi,       —— = Ixz + I2zx + — z2,        —- = — /1Z1 + 2I2z2 + —z3,
do- da 5 da 2 5

(C)

dz3        6   /16-19      129    \       Ii 6
-■ =  -( -■ —  '-0)2 ]Z H-Zi + 3I2Z3 + ■-• Zi,

d*      355 \   25 2/2 5

dzi 1   /1358      52-3199    \ 47i 4
—— = CiJ2z H-( —-■— o)2 ) zi H-Z3 + 472z4 H-Zi,
do- 639 \   5 25 f 3 9

/      2467 24-407\
I —  - C02 + - ) :

V 8 53     /

0Z5 25/      2467 24-407\ 9/i
—— =   I3Z + CiliZx + — I-—-  0)2  + ■-;-■ ) Z2   +-Zi + 5I2Zi.
da 71 \        8 53    / 4

In this case four points can be taken for the unit point without changing

the invariants £(<r), I2(ff), I3(cr) and the form da save for a constant factor.

The differential equation obtained from (C) by eliminating z< (*' = 1, 2, 3, 4, 5)

is evidently independent of these various selections(6).

(6) We can reach similar results in §§4.3 and 4.4.
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4.3. The case where every point of V is a 7-ic point of the curve C. When P

is a 7-ic point, the osculating conic of T at P has at P a contact of order six

with C. Besides coi = 0, we have

(84) 2(BoDo/Ci)Ci - FoJ>4 - BiD0 = 0

or its equivalent

(85) - 463,7/63,3 + 564.8/¿4.4 + 62,0/62.2 - 2bi,t/bi,i = 0.

We now have to take the fundamental triangle of the plane curve C at P as

the triangle {PPiP2} and select the unit point in this plane by the method

stated in §2.2. This implies that the quartic -2XiX\/3+Xl(X\-XoXi) =0
has at P a contact of order eight with C. We then have the following condi-

tions

(86)
Co — F0D0 = 0, 2CoDo/3 + Fo(2CoC6 - F0D5 - .B5D0) = 0,

2CoC« - BoDs - BoDo = 0,

which, in turn, can be expressed in terms of &,-,,- as follows:

62,2 = 8/5,

(87)

(88)

-i + 8^
3-56 62,2

62,2 63,3

63,8 64,9
20 — + 20-

63,3 64,4

64,10
21 —^— + 28

06,6

¿4,
(iYi= - 0,
\5/   65,5

use being made of (7) and

(89)

Bi = n 6...
3

Ci = Ubi,i
3

Do = II h.i
2

Bi = II h.i
3

Co = n Ki
3

Dt = n Ki

63,8      64,9       65
15 27—-- 8034 — + 5040 —

63,3 64,4 66

63,8 64,9 65
1008 —-- 3-210—+ 28-34 —

63,3 64,4 65

7},6 J

-]'

.6 J

«2,7 63,8 64,9

3-24-+ 3M6-6316-\-
62,2 63,3 64,4

&6,10l

65.6 j

3600

1920

?3,9

63,3

63,9

&3,3

64,10 bi
10500-+ 231-26 —

64,4 ¿6,6

64,10 65
5040—— + 210 16 —

64.4 65

a-
62,8      63,9       64,9

120— + 840— - 1680-h 63-16
62,2 63,3 64,4

65,11"]

~kTÍ
Since 62,2 has the same numerical value as in the former case, the equations
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(77) and (81) remain valid. From (35), (54) and (85) we find, by putting

*5,9/*6,5  =  0)2,

that

(90)    *2.<s/*2.2 = 610)2/71-5,    *3,7/*3,3 = 591o)2/1420,    *4,8/*4,4 = 248o)2/355.

(81') must now be replaced by the four independent equations

- 72a4,i/25 - 183ao)2/71 + 2a6,2/25 = 0,

- 72a4,i/25 + 26a3,o/5 - 1135ao>2/284 = 0,

- 72a4,i/25 + 36a3,o/5 - 1393ao)2/284 = 0,

- 24a4,i/25 + 64a3,o/25 - 391ao)2/213 = 0,

linear in co2, 04,1, 05,2 and a3,o. Thus

(92) bi2 = 0,       a4,i = 0,        as,2 = 0,        a3,0 = 0.

Consequently (81") reduce to
72        64 7a*2,7

a4,o--- a6,i-= 0,
125      625 *s,2

144 96 *2,7 *3.8
04,0-a6,i + 3a—-8a   -= 0,

125     625 *2.2 *3.3
(93)

216 27 *3.8 *4.9
a4,o-—a6,i + 4a-9a   -= 0,

125 54 *3,3 *4.4

288       26                  *4,9              *5,io
a4,o-— — — a6,x + 5a-10a-= 0.

125 125 *4.4 *6.5

Eliminating b2,t/b2,2, *3,8/*3,3, *4,9/*4,4, *5,io/*6,6 from (55), (87) and (93) we

obtain

(94) 3».818904,0 - 508a6.i = 0,        a6,i - 14a/5 - 2817904,o/2 = 0,

whence

(95) 04,0 = £10,        06,1 = £20,

where £1 and £2 are constants.

In summary, we have simplified (63) and (67) as

2 7 8

Xi  =   8*i/5 + *2,7*1 + *2,8*1 +  (9),

*3 = 48*i/25 + *3,8*i + *3,9*? + (10),

(63') 4 9 10
*4  =   72*l/125  + *4,9*1 + *4,10*1    +   (H),

*6 =  2  Xx/5    + *6,10*1    + *6,11*1    +  (12)

and
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dz dzi ( 16

du du

dzi / 1 18

du
(67')

dz4 /_ 4 _ 4

du

( 16    \
= al Jiz + J2zi + — Z21,

/ 1 18   \    dz3 / 1 6    \
= a I —- Jizi + 2 J2z2 + — zs ), —— = a ( — Jiz2 + 312z3 + —- z4 ),

\2 5     /     dw \2 5/

/ 4 4    \
= a I Diz H-J1Z3 + 4J2z4 H-z6 ),

\ 3 9     /

dzi / 9 \
-= a I J3z + J>2zi -|-J1Z4 + 512Zi ).
du \ 4 /

From the condition of immovability we obtain that

28J3/56 - 562,7 - 862.8 = 0,

.    . 6-29J3/5« - 5J263,8 + 1862,8/5 - 963,9 = 0,
(96)

33-28J3/57 - 5J264,9 + 663,9/5 - IOÔ440 =' 0,

46i,io/9 - 5J2&6.10 - II65.11 = 0.

Eliminating &<,,-+,- (i = 2, 3, 4, 5;j = 5, 6) from (89) and (96) we obtain

- 135J2(1557a4,o - 172a6.i) + J3(36-511 + 55-973/2) = 0.

Hence follow the projective Frenet-Serret formulae :

dz dzi      /_ 16

der

(D)

dzi      / 16   \
Zl, —— = ( JlZ + J2Z1 + — Z2 ),

da       \ 5     /

dz2      /1 18   \      dzt      ( 1 6     \
—— = I — JlZl + 2J2Z2 + — Z3 ),      —— = ( —■ J1Z2 + 3J2Z3 + — Zi ),
dcr\2 5/dcr\2 5/

dzi

da

/ 4 4     \
= I Diz + — J1Z3 + 4J2Z4 + — Z5 ),

dzs      ( 9 \
-= I D3I2z + D2zi -j-J1Z4 + 5J2Z6 ),
da      \ 4 /

where Di, Di, D3 are constants.

In this case five points can be taken for the unit point. Ji, J2 and da are

uniquely determined save for a constant factor.

4.4. The case where every point of T is an 8-ic point of the curve C. The

necessary and sufficient condition that the analytic point P of C is an 8-ic

point are coi = 0, (85) and

(97) 2(BoDo/Co)d - BoDi - BiD0 = 0.

Now the covariant vertex P2 can be determined only by the projective dif-

ferential theory of 8-ic points. In case that the triangle of reference {PP1P2}
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and the unit point £+£i+£2 are selected as in §2.2, the quartic

(98) X*2 + 4Xo(X2 - X„X2) = 0

must have at £ a contact of order nine with C. Consequently

Co - £o£o = 0,       D*o + 4£2(2CoC6 - £o£6 - £»£o) = 0,

2CoC7 - BoD-, - B-,Do = 0.

In virtue of (7), (89) and

Xr r *3,10 *4,11 *6,12~l
Bi = IJbi.A 6000 —-24-990-^- + 27-34 ——  ,

3     L       *3,3 *4,4 *5,5 J

Xr *3,10 *4,11 *6.12~1
C7= II*.-.< 3240 —-7680—— + 176-33-^ ,

3     L       *3,3 *4,4 *6,5 J

Xr *2,9 *3,10 *4,11 *6,12"1
£7 = II*..* -480—+ 1440 —:-81-32—^-+ 1440 —^- ,

2     L        *2,2 *3,3 *4,4 *5,5 J

the equations (99) reduce to

(100) *2,2 = 8/5,

(101) 8/5« + 25*3,9/*3,3  -   105*4,lo/*4,4 +  (252/5)*5,ll/*5,5 + 60*2,8/*2,2  =  0

and

(102) -   155*3,10/*3,3 +  80*2l9/*2,2 +  244*4,ll/*4.4 +   (126/5)*5,l2/*5,6  =   0

respectively. (77), (81) and (92) still remain valid, but the second equation

of (94) should be replaced by

208,1 - 28179a4,0 = 0,

because of replacing (87) by (97). Hence

(103) 08.1 = 0,        a4,o = 0;

and a priori,

*2,7 = 0, *3,8 = 0, *4,9 = 0, *6,10 = 0.

The equations (96) then reduce to

2673 - 56*2,8 = 0, 21073 + 6-56*2l8 - 3-5**3,9 = 0,
(104)

33-2773 + 3-56*3l9 - 58*4,io = 0,        4*4,io/9 - 11*5,11 = 0.

Eliminating *2,a, *3,9, *4,io and &5,n from (101) and (104) we find

(105) 73 = 198a5-529-673.
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The conditions of immovability imply

,      N 272*2,8 + 3*2,9 = 0,        372*3,9 + 5*3,io - 9*2,9/5 = 0,
(106)

672*4,10 +   11*4,11  -   6*3,lo/5   =   0, 672*6.11 +   12*6,12  -  4*4,ll/9  =   0,

which cannot be consistent with (102) unless

(107) 72 = 0.

In summary, we obtain the canonical expansions of Y :

Xi  =   8*l/5  + *2,8*1  + *2,10*1    +   (H),

*3 = 48*i/25 + *3,9*i + *3,n*i  + (12),

(63  ) 4 10 12
*4  =   72*i/125  +  *4,10*1    +  *4,12*1    +   (13),

6    6      4 11 13

*5  =   2   *l/5    + *5,11*1    + *5,13*1    +   (14),

where *2,8, *3,9, *4,io and *6,n are constants given by (104) and (105), and the

projective Frenet-Serret formulae:

dz dzi 16 dz2       7i 18
-— = zi,       —— = 7iz + — z2,        —— = — zi + — z3,
da da 5 da        2 5

dz3       16 dzi       4 4
(E) •— - — 7iZ2 + — 24, —- = — 7lZ3  + — Z6,

da        2 5 da        o "     .

dzi 198 9
■-= —'- z + — 7iz6.
o'er      5-529-673 4

4.5. The case where every point of Y is a 9-ic point of the curve C. We are

now in a position to deal with the remaining case. In the same manner as

before ££1 is taken as the tangent to Y at £, and £i£2 as the tangent to the

osculating conic at one of its points £2, and £+£i+£2 on the osculating conic.

When every point £ of Y is a 9-ic point of C, the equations «i = 0, (85),

(97) and

(108) 2CoC6 - £o£e - £<£o « 0

must be consistent. After multiplying the coordinates of the points (z), (zi),

• • • , (z6) with suitable factor p(u), the equations (75) remain valid. Because

(77), (81), (92) and (103) are satisfied here, (63) and (67) become

8     2   .   A 2+1 48   3      A 3+¡
Xi  =  ■-*1   +   ¿_, *2,2+¡*l      , *3  =  —  Xx  +   JL, *3,3+¡*l      ,

(109) 5 '=8 25

*4 =-Xx + ¿_i Oi,i+iXi  , *6 = — *i + ¿-i bi,i+iXi   ,
125 ,„8 54 ¡_8

and
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dz dzi ( 16

du du

(HO)
du

dz i

du

( 16   \
= al Jiz + J2zi H-Zij,

(Ii 18    \ dz3 (Ii 6     \
= a I — z + 2J2z2 -|-z3 ),        -= al — zi + 3J2z3 H-Z4 ),

\2 5/ du \2 5/

(4 4     \      dzi (9h \
= a I — J1Z3 + 4J2Z4 -\-Zi],    -= a I-Z4 + 512Zi ).

V 3 9     J      du \ 4 )

We have to treat particularly the condition of immovability

¿ I « \ / 5

du

Substituting (110) in it,

Í z + 2~1 XjzÀ = \(u) I z + X) XjZj j.

dxi a
X = aJiXi, Xxi = a -\-\- al2xi -\-Jix2,

du 2

16 dx2 aJi
Xx2 = — axi H-h 2aJ2x2 H-X3,

5 dw 2
(111)

18              dx3                         aJi
Xx3 = — ax2 -\-h 3aJ2X3 H-x4,

5 du 3

6 dx4 aJi 4 dx6
Xx4 = — 0x3 H-:-h 4aI2Xi ^-x6,    Xxs = — ax4 -\-\- 5aJ2x6,

5 du 4 9 du

and eliminating X and X2 from the first two equations of (111), we obtain

dxi 9 2      aJi   " 2+¡
(112) ■-= — a — aJ2Xi -j-aliXi -\-¿^ 62,2+1X1   .

du 5 2   ¡=8

Therefore the third of (111) is found to be equivalent to

Jiaxi ( — xi + S 62,2+íXi    ) = —- axi + 2aJ2( —- xi + 2~2 b2,2+txi    )
\ 5 ¡_8 /       5 \ 5 ¡=8 /

+    — xi + 2Z (2 + l)b2,i+ixi
L 5 ¡=8 J

I- 9a      2     aJi  - 2+n
•   — a — aJ2xx + —- J1X1 + -— 2-, 62,2+¡Xi
L 5 2   j_s J

a/il-48   1    -A. 3+fl
+ Tl2~5Xl + ?b3'S+lXl   J

on account of X=axiJi, (112) and the first two equations of (109). Comparing

(113)
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in (113) the coefficients of equal powers in xi, we see that Ji and 62,2+i

(/ = 8, 9, • • • ) vanish. From the last three equations of (111), we find simi-

larly that

63,3+1 = 0,        64,4+¡ = 0,        65,5+! = 0 (1 = 8,9, ■• ■).

Finally, the expansions of V become

x2 = 8xî/5,        x3 = 48xi/25,        x4 = 72xi/125,        x6 = 2 xi/5 .

We may easily find the geometrical construction of them by extending the

method used for a space curve in ordinary space.

4.6. The geometrical interp relation of the invariants and the arc-element. The

unit point geometrically defined in the foregoing sections is available in the

interpretation of the invariants and the arc-element. In fact, projection from

P2 of the consecutive point of P on T to the line PPi produces P+daPi save

for infinitesimal of higher order. Evidently

(P, Pi; P + daPi, P + Pi) =da.

This furnishes a geometrical interpretation of the projective arc-element.

As to the interpretation of the invariants we utilize the last equation of

the Frenet-Serret formulae. For example, from the equation

dzi 53-2699 291 9 54-33
-= J4Z + J3Z1 -\-J2Z2 -\-Z3 -I-J1Z4-— J2Z5,
da 25 40 4 2

it can be shown that the line PP3 intersects the hyperplane containing Pi, P2,

Pi and the tangent at P6 to the curve (Pi) at the point J4P + 29IP1/4O and

the double ratio (P, P3; P+P3, J4P+29IP3/4O) equals, except for a constant

factor, the invariant J4. Since other invariants may be similarly interpreted

we omit their interpretations here.
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