A NEW FOUNDATION OF THE PRO JECTIVE DIFFERENTIAL
THEORY OF CURVES IN FIVE-DIMENSIONAL SPACE

BY
SU-CHENG CHANG(®")

Introduction. The purpose of the present paper is to develop a purely
geometric theory of the projective differential geometry of curves in a space
of five dimensions, the methods hitherto adopted by various authors(?) being
more or less analytic and artificial.

The projective differential theory of plane curves is one of the cornerstones
upon which our theory of curves in five dimensions rests. The problem of find-
ing a covariant figure to associate projectively with the neighborhood of
order five at an ordinary point of a plane curve is an interesting one as has
been pointed out by Levi-Civita and Fubini [9]. We have succeeded in solv-
ing this problem in an elementary way. Then using neighborhoods of order
six we have obtained, besides a covariant triangle, three covariant.points I;
(4=1, 2, 3) any one of which can be selected as unit point.

In five-dimensional space the osculating plane p at an ordinary point P
of a curve I intersects the developable hypersurface of I' in a plane curve C,
of which P is either an ordinary point or a k-ic (¢=6, 7, 8) point [2]. In any
case a covariant unit point I and a covariant triangle { PP1P,} can be deter-
mined in p, PP, being the tangent to I at P. )

When a plane p, passing through PP; and lying in the osculating three-
space of T at P, rotates about PP;, the Bompiani osculant Os [1], associated
with the point of inflexion P of the projection produced by projecting I' on
the plane p from the point aP 48P, constitutes a generator of a covariant
quadric Qs. Since P, P,, P; are three vertices of a quadrilateral on Qs, we may
take the fourth vertex for Ps. In a similar way we define two other vertices
P, and P; of a covariant pyramid {PP1P2P3P4P5} and two other covariant
quadrics Q; and Qs which pass through the quadrilaterals PP,PsP.P and
PP,P,PyP respectively.

Let I be the unit point in the plane PP, P;; then the unit point in the space
may be defined by the fact that the quadrics Qx (k=3, 4, 5) pass through
P+P,+P;+ P, respectively.

This accomplished, the projective Frenet-Serret formulae follow immedi-
ately from the canonical expansions of I'. Our method has the advantage
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that the geometric significance of the projective invariants of the curve can
easily be brought to light.

CHAPTER I. THE PROJECTIVE DIFFERENTIAL THEORY OF PLANE CURVES

In this chapter we shall discuss some results useful for the study of curves
in a five-dimensional projective space. In §1 a covariant triangle of reference
and a covariant unit point are constructed by means of the neighborhood of
order six at a point of an ordinary plane curve. This leads us in §2 to recon-
struct Lane’s [8] canonical expansion of a plane curve at its sextactic point.

1. A new projective differential theory of plane curves. In this section
we study plane curves in the neighborhood of an ordinary point, obtaining a
canonical expansion, the Frenet-Serret formulae and an interpretation of the
invariants.

1.1. The covariant triangle of reference. Let x and y be nonhomogeneous
coordinates of a point in a plane. If x =x(%), ¥ =vy(u) are the parametric equa-
tions of a plane curve C, the expansion of C at an ordinary point P of C with
respect to a local triangle of reference { PP,P,} is

1) y = ax? + ba® 4 cxt + dxb + ex® + f27 + (8),

where PP, is the tangent to C at P. We take P; on the osculating conic C;
of C at P and P,P; as the tangent to the conic C; at P, so that (1) reduces to

2 y = ax? + da® + ex® 4 fx7 + (8).
It is well known that there exists a bundle of seven-point cubics of C at P:
) ay(y — ax®) + B(y — ax® — dxy?*/a® — 3*/a®) + v(ax® — xy + dy*/a?) = 0,

where «, B, 7 are arbitrary constants. y =0 and y —ax?=0 respectively inter-
sect (3), besides P, at a pair of related points

4 8/, 0)

and

(%) (Bd/(vd — Be), aB*d*/(yd — Be)?),
whose join passes through a fixed point

(6) (d/e, ad?/e?).

For d#0, we select (6) for P; and reduce (2) to
y = ax? 4 dx® + f27 + (8).

1.2. Covariant figure associated with an ordinary point of a plane curve. Let
x!, x2, x° be the homogeneous coordinates of a point defined by

x = x1/3, y = x%/x8.
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The polar line of 4 (, 0, 1) with respect to Cs,

) x? = 2aax!,
intersects Cz at (0, 0, 1) and
(8) A'(1, 2aa, 1/2a)

respectively. At P a six-point cubic of C can be determined to be tangent to
the lines (7) and 44’,

) — 2aax! + x2/2 + 2aa?x® = 0,
at (8) and (e, 0, 1) respectively; its equation is found to be
(y — 20a2)%(— 2aax + y/2 + 2aa?) + (y — 200x)(— 4daty?/a)
— 29(— 2aax + y/2 + 2aa?)? = 0.
As o varies the envelope of the cubic (10) is a covariant figure:
(11) 405(ax? — y)* 4 d?y® = 0.

(10)

1.3. The canonical expansion. The tangent of the conic y —ax2=0 at the
covariant point (6) intersects y=0 at (d/2e, 0, 1). A triangle of vertices P,
(6), and (d/2e, 0, 1) is called a fundamental triangle. We denote (6) and
(d/2e, 0, 1) by P; and P, respectively. If the fundamental triangle is taken
for reference, the expansion of the curve C at P then becomes

y = ax? 4 dab 4 fx7 4 (8).

As we have given in §1.2, the two consecutive points (1, 0, 0) and («, 0, 1)
(a— ) on PP, correspond to the cubics

(12) — dxy? — a®x? 4 a’y =0
and (10) respectively. They intersect at the points on the cubic
(13) adx® — a%xy + dy3/2a = 0,
namely, P and the points of coordinates
(14) (w*(d/2a%13, 0, 2aw?*(d/2a%)%%) (k=1,2,3, w*=1, 1)
If one of the latter is taken for unit point I, then we have
d=1/8, a=1/2,

The coordinate system thus obtained wiil be called the canonical coordinate
system, and the coordinates of a point referred to it the canonical coordinates.
The canonical expansion of C at P now becomes

(15) y = x2/2 4 %5/8 + k(u)x" + (8).
1.4. Projective Frenet-Serret formulae. Let (x(u), x%(u), x3(u)), (x1(u),
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x3(u), x3(u)), and (x3(u), x2(u), x3(x)) be the coordinates of the vertices
P, P, P, of the fundamental triangle. In order to preserve x7(x) +xj(u) +x3(u)
(j=1, 2, 3) as the selected unit point associated with the canonical triangle
of reference {P(u), Pi(u), Ps(u) }, we are unable to multiply the coordinates
of the three points P(%), Pi(x) and Py(u) by different proportionality factors.
On the contrary, there exists a unique function N(%) such that

(16) AN & (1)) /du = Nw)a(u)zi(w) (G=1,23).

For brevity we still use x'(u), x{(u), xj(#) instead of N(u)x7(x), N(w)xi(u),
N(w)xh(w), so that (16) becomes

(16" dxj(u)/du = a(u) xf(u).

Through the independence of the three points P, Py, P, dx}(#)/du and
dx}(u)/du may be expressed in the form

dai(u) i i i
= ) ,
(16") du Bx (“) + 'Yxl(u'> + x2(“)
i
dxs(u) ; ;
kA ux’ () + vxi(u) + fx;(u).
du
But the condition of immovability and (15) show that
B = 112k(u)a(u), vy =0,
6 = a(u), b= Sa(u)/2,
v = 112k(u)a(u), =0,
Hence
dx dx;
— = a(u)x;, — = a(u)(112k(w)x + x»),
du du
17)
dxz 5
— = a(u) (-— x + 112k(u)x1),
du 2
where we have written x and x; (i=1, 2) in place of %/ and «} (j=1, 2, 3;
1=1, 2).

With respect to a parametric transformation % =f(u), a(u)du and k() are
clearly intrinsic.
A proper projective transformation -

N

(18) 2 =3 oy (G=123),
ksl

where |a}| =0, carries x7(), xJ(x) and xj(») (j=1, 2, 3) into the points

vi(u), yi(u) and y}(u) respectively. From the first two equations of (17), we
find
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( E aiyk) = a(u) ( kz: a:’;y’;),
( > aiy ) = a(u) (112k(u)2 aiy’+ Z aiy )

ko=l k=1

or, because of |a,] #0,

dy dyl
— = ay, —— = a(112k(u)y + ¥2).
du 7
That is, adu and k(%) are intrinsic and invariant. Consequently, we call them
the projective arc-element and the projective curvature respectively.
Sinice any one of the points

(19) (k(d>m 1 °’2k<d)2/3) (k=1,2,3)
: w204"a22a4 ST

may be selected as the unit point, there are evidently three kinds of canonical
coordinates. In consequence, the vertices of the fundamental triangle may
have different canonical coordinates zi(x), 2](x), z5(x) and x7(u), x{(u), x3(«)
(j=1, 2, 3) respectively. They are, however, connected by
x = z’/wz, %1 = z1/w, x; =1z (Gj=1,223),
where w?*=1, w#1.
The equations (17) then become

dz dz; 112k(n)
-— = aw2, —;— = aw 2 z + Zz),

u u [5)

de 5
— = aw —z + 112k(u) - -—z;
du
Therefore the projective arc-element and the projective curvature are multi-
plied by w if another point among (19) is taken as the unit point.

If we put do =adu, (17) reduces to the projective Frenet-Serret formulae
required :

@ I 12k + 9% _ 3 et 12k(0)
— = = = , —_— = 21
do o do ET do 2 * 7n

Eliminating x; and x; from (A) gives
d3x dx dk(a) 5
B — — + 224k(s) — 112 — =0,
(®) d03+ (a)da'+( do +2>x

which is preserved under the transformation
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T = wi, k(o) = wk(o), de = wdo.

Thus an analytic function k(s)(ae S0 =b) corresponds except for a projec-
tivity to an analytic curve, such that do is the projective arc-element, k(a)
the projective curvature, and independent solutions of the differential equa-
tion (B) the canonical coordinates of a current point of the curve. Conversely,
an analytic curve corresponds to a unique projective curvature and a unique
projective arc-element.

1.5. Geometrical interpretation of the projective curvature and the projective
arc-element. By use of the unit point I we can obtain the following inter-
pretations(®) of the invariants appearing in (A):

21(%, %2; dwy/do, I) = 112k,  x3(x, %1; x + dx, I) = do + (2),

where the left members are cross ratios of the indicated pencils and (2) de-
notes an infinitesimal of higher order.

2. A generalization of sextactic points. In a recent paper [2] we have
represented the neighborhood of various orders of a plane curve C at its sex-
tactic point P. A cusped quartic Q, is utilized such that its cusp lies on the
tangent of C at P and its cuspidal tangent is also tangent to the hyperosculat-
ing conic of C at P. Since either the sextactic point or its generalization appear
in the theory of curves in five-dimensional space, we find it convenient to
give here an outline of the theory on the generalized sextactic points.

2.1. The canonical expansion of a plane curve at its sextactic point. At a
sextactic point P(0, 0, 1) of a plane curve C the osculating conic has a contact
with the curve of order five. Hereafter we select the triangle of reference
{PPle} in such a way that this osculating conic is tangent to PP, and PP,
at P and P; respectively, so that the expansion of I' becomes

(20) y = ax® + ex® + fx7 + gx8 4+ hx® + (10),

and the equation of the osculating conic is y —ax?=0.
The quartic Q., which has at P a contact of order six with (20), is easily
found to be

8e 2c ay
Dy* 4 Ey¥(ay — 2ax) — — »3( 262 — — — —
(21) aa a 2
2¢  ay\?
4+ | 22 — — — —) (4¢%x* — 4ay) = 0,
a 2
provided that Q, has a cusp at A(1, 0, @). The polar line  of 4 with respect to
the conic y —ax?=0 intersects it again at B(2/«a, 4a/a?). If Q4 passes through
B, the locus of the common points between Q4 and ! consists of the conic and
a covariant quartic

(®) For other interpretations see F. Vychyclo [13, 14].
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(22 — eyt/at + (az? — ) = 0,

The latter is particularly useful in determining the unit point.
When Q, given by (21) has at P a contact of order seven with (20), then

E = (8¢/aa — 8f/aa?).

Furthermore, we can show that the join of the two common points, beside P,
of Qs and the osculating conic passes through a fixed point 4’[—e, 0, —2ae+f].
The correspondence between 4 and 4’ is a projectivity with unique double
point H(e, 0, f), namely, the Halphen point discovered by Lane [8]. When it
is taken for (1, 0, 0), we have f=0. We select further the unit point on the
osculating conic and (1, 1, 0) on (22), so that

(23) a=1, e=1,
and the canonical expansion of the plane curve at its sextactic point becomes
(24) y = x2 4 x¢ + (8).

It should be noted that the selection of the unit point so as to satisfy (23)
is not unique, but one of the three points (—1, 1), (¢, —1) and (—1%, —1) can
be taken for the unit point without changing the form (24).

2.2. The canonical expansion of a plane curve at a generalized sextactic point.
A point P on a curve C is called a k-ic point if the osculating conic has at P
a k-point conic with the curve C (£=6). Neither Lane’s method nor ours in
the foregoing section can be utilized in this case. We shall now determine the
canonical expansions of a plane curve at a 7-ic or 8-ic point.

(i) The 7-ic point. A necessary and sufficient condition that P is a 7-ic
point is af#0 and e=0. If the quartic (21) has at P a contact of order eight
with (20), the equation of the quartic (21) takes the form

6 4 8
(_ _-_[‘_1_ + _g) yt— _f y¥(ay — 2ax)
a a a
(21")
a2y 2
+ 4a(ax? — y) (Zaax — 2a — —2-> = 0.

The polar line of 4 with respect to the osculating conic of C at P intersects
(217) at three points, and when « varies, one of them describes the curve

—12f 4g
(25) ( 23+ 25 3%) 34+ dalast = )7 = 0.
a

a2
This curve intersects the osculating conic in two different points on the line

(26) — 3afx + gy = 0.
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Evidently, g reduces to zero if (26) is taken for the side x=0 of the triangle

of reference.
In order that the unit point be on the osculating conic and (1, 1, 0) on the
curve (25), it is necessary and sufficient that

27) e=1, f=—2/3.
The canonical expansion of the curve C then becomes
(28) y = a? — 227/3 + (9).
It is worth noticing that any one of the four points
((1/2)113e2kx315, (1/4)V/sgsknils) (k=1,2,34)

may be used for the unit point without changing the form (28).
(ii) The 8-ic point. If P is an 8-ic point, then
ag # 0, e=0, f=0.
Neither the Halphen point nor the covariant line (26) can be determined. We

require a further modification in the derivation of the canonical expansion.
In this case (21’) becomes

21"y 4gyt/a + 4a(ax? — y)(2aax — 2a — a?y/2)2 = 0,
which has at P a contact of order nine with C if
(29 a = h/2g.

Thus we arrive at a covariant point (2g, 0, ). Upon selecting S for (1, 0, 0),
a and & reduce to zero and the corresponding 10-point quartic of S is found
to be

(30) gy*/a + a¥(ax? — y) = 0.

If the common points of x =0 and (30) are projected from S to the osculat-
ing conic, we obtain six points of coordinates
(1) (£ (1/a)*(g/at)Vo%/? 1, (g/a)M%?) (B =1,2,3, w® =1, w5 1).

By choosing any one of them for the unit point both a¢ and g reduce to 1, so
that the canonical expansion of C in the neighborhood of P is found to be

(32) y = x4+ 2% + (10).

CHAPTER II. THE PROJECTIVE DIFFERENTIAL THEORY OF CURVES
IN FIVE-DIMENSIONAL SPACE

In §3 we construct a covariant pyramid of reference at an ordinary point
of a curve in five-dimensional space. In addition to some simple interpreta-
tions of the invariants of the curve the canonical expansions of five different
types are given.
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3. The covariant pyramid. Suppose that the point P = P(u) describes a
curve I'in five-dimensional space where % is a parameter. Take { PP,P,P3P,Ps }
for the local pyramid of reference associated with a generic point P of T,
such that P; lies in the osculating linear space S;(P) of j dimensions at P to T,
but not in the osculating space S;_1(P). Any point Q in the space can be ex-
pressed by X %_o X, P,, where Po=P.

The nonhomogeneous coordinates are defined by putting
= X1/ Xo, %2 = Xo/Xo, - - -, x5 = X35/ Xo.
In case the parametric equation of the curve is of the form
5
X(u) = E X.(u)P,,
7m0

the expansions of the nonhomogeneous coordinates of I' are
0 5

) %= D biipi(2) i ( ITo:i=0,i=23,4, 5>,
=0 2

where b;,:.; are local functions.

3.1. The developable hypersurface of T. Since x; depends upon %, we may
regard x1, A1, Az and \; as parameters and obtain the parametric equations of-
the developable hypersurface of T':

Xo=1 X1=xl+xlr
) drx*

= N —— k=234,5).
X xk+§ (dxl) ( )

The section C of this hypersurface produced by the osculating plane of T' at
its ordinary point P is given by the equations

3 Xo = D[dxs/dx, dxs/dxs, dxs/dx], X1 = D[z, x3, x4, %s),
X2 = ‘D[x'h X3, X4, x5]y X3 = Ov X4 = Oy X5 = 01

where D[ - - - ] denotes the Wronskian.
Putting, for brevity,

© ) X X
(€)) """—_EB.,xn El=_xe—_xlzcxlv Ez——;;=xeDxn

1 1

we find that if P, lies on the osculating conic C; of C and if P,P; is the tangent
to C,, then

2D4BoC1 — CuDoB1 — CuD1Bo = 0,
DuBy(C1 + 2CoCs) — CoBaDy — DiBiCs — BoDiCy = 0.

Consequently, the osculating conic of T' at P is given by the equations

&)
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6 BoDoX./Co— XoX3 =0, Xs=0, X¢=0, Xs=0.

A simple calculation gives

5 5
By = 120 I bs.,, Co=48]] bi.ﬁ
3 3
8 . bs 3
Do= 12 Hb;,.’, Bl=2'6"(nb.{
5, s
bs,6 bs,s
) C: = 180 Hb.. —, D, = 48 IIb.. —
05,5 bs,6
By = — 32-20b3,3b4,6b5,5 + 7-144b3,3b4,4b5,7,
Cy = — 240b3,3b4,6b5,5 + 3% 2%b3,3b4,4b5,7,
Dy = — 72bs,2b3,3b4,6b5,5 + 120b2,2D3,3D4,4D5,7.
Substituting them in (5) and (6), we have
(8) bs,g = ~0,
and
(9) 5b5,5b4,o - 4b4,4b5,7 = 0.

When P is an ordinary point 6f C, we define the fundamental triangle
{PP,P,} by the method stated in §1.1. The cubic,

2

DoBo (2CsBo BoD; BoBs)
10 —_— X XX )X XX —_ =0,
(10) (C 1— Ao z) 0 — A1X2 C2D, CoDﬁ CoDe

which is determined by the conditions: @) it passes through P;; (ii) it is tan-
gent to (6) at P,; and (iii) it has at P a contact of order five with C, should
have at P a contact of ordersix with C. In other words,

(11) (DoBo/Co)(Cs + 2CiCs) — DoBs — DyBo — D3By = 0.
Otherwise, for 40,

2C:Bs " BoDs  BoBs

(12) (D°B°X’—XX)X XX( - >+AX’—0
Cz 1 02, 1= 142 CzoDo COD: CGDO 2 =

would have at P a contact of order six with C, which contradicts the hy-
pothesis that PP, daes not pass through any point common to (12) and the
osculating conic.

3.2. The construction of the quadric Qs. A plane passing through PP, and
lying in the osculating three-space of I' at P is given by the equations

(13) Xs—[l.Xz=0, X4=0, X5=0.
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If the osculating planes of ' be projected from a point (1, 0, p, 0, 0, 0) on the

above plane, we obtain a plane curve I';, whose equations are easily found to
be (13) and

1 1
X, = —;D[xl, %4y %5), Xz = —;D[xa, %4y %5,
Xy %
(19)
x 1 D[dx4 dxs]+ 1 D[ 1 ]
= — —_— — _— X4, X5, — X3 — .
’ 22 Ldx ’ dx, ot v 7 T
Put
Xi=x Y Ea, Xs = 2 3. Fya,
XO = Zer: + - x:. ZFrx; - _l Z Hvx;-
0 Pu 0 P o
Then
E, = Z b4.4+nb6.6+r3(3 + "1)(4 + Vz)(l + v — Vl).
r+rg=r
F, = E bx.u-nlu,4+y,bs.5+nP(l'1, 1+ V2, 24 1'3),
1 +rgtygmy
G, = Z 4 + 1) (5 + v2)ba,a4nbs 510, (1 + v2 — »1),
el
H, = Z — b2,240105,64904,449 P V1, 2 + v3, 3 + v2)
r1+vatvgmr
where

n
P(l‘l; Moy * ’ﬂn) = H (l-‘i - l‘;‘)-
>iz1
For the subsequent discussion it is convenient to give here an outline of the
theory of singularities of a plane curve [5, 6]. If the expansions of the coordi-
nates of a plane curve are

L) 0 L)
x=352 a5, y = sy b, z=14 2 ¢,
0 0 1

the point (0, 0, 1) is a singular point of the curve denoted by Si™. When (m —3)
conditions are satisfied, this singularity is particularly simple. Let U, and
A be respectively the coefficients of s* in the expansions of (D ¢b,s")

. (1+E,‘° ¢,s*)»1 and (Z:a,s')"'. If
Am,l - G:Ulo.l/bo =0,

the coordinates of the covariant points Om41 and O of the curve are (1, 0, 0)
and
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(16) ( . (A “ g ) £, (“‘TU 4 ))
ma{,”“bo m,m—1 bo 10,m—1 J, 1, a;"bo(m _ 1) bo 10,m m,m .

Moreover, the conditions of representability become

@an G:Ulo,k/bo —Anir =0 (k=2,--+-,m—2).
From (8) it follows that the osculant O, associated with the point of in-
flexion P of I'y always coincides with P;. The coordinates of Os are
X,=0, Xs=0, X; =1, X, =1/p,
1 {Eon 2EG, F, 9 EoHo} ’

X,= - — -3

3\ F FoGq F, pFGo

2
Gy (E (F; 2FGs 2FH,  EoFs Es
Xo = 224 - +2 ) -3 —} )
T 2EF, {Fo Go G oG? Gou Go

Eliminating s we obtain(*) a generator of the quadric Qs:

Xo _ 1 (GoFs Gs 3G0Ea)
Xs 2\ P F, EoFo
(18) + lfoGo (ﬁ_ﬂxsxl +Eofz+2EoGz_31E)’
2EHy \X;s F,/\ Xs F? FoGo F,

X4=0, X5=0.

Since P, P; and P, lie on the same quadrilateral of the quadric, we take the
fourth vertex as P;. Then

GoEoFs + 2EFGs — 3GoEsFy = 0, H, =0,
EFsGo + 2EF oGz — 3GoFoE2 = 0.
It is easily verified by means of (8) that
Ey = 12b4,4bs,5, Fo = 2b3,3b4,4bs,5,
Go = 20b4,4bs.5, Hy = 3by,3, E; = — 20b4,6bs5,5 + 54b4,405,7,
Fy = — 6bs,sba,ebs,s + 1203,3b4,4b5,7, G2 = — 30b5,5b4,6 + 84Dy4,4bs5,7.

(19)

Hence the last two equations of (19) become

(20) bs,3 = 0,

(21) — 31085,5b4,6 + 729b4,4b5,7 = O.
Combining (19) and (21) we find

(%) This is a result analogous to what we obtained in 1942 in studying the point of inflexion
of a space curve, cf. Chang [3].
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(22) b4,6 = O, b5,7 =0
and consequently

F3 = 2b3,6b4,4b5,6 — 16b3,3b4,7b5,5 + 20b3,3b4,4b5,s,
Gs = — T0bs5bs,7 + 128b4,4bs,s, E; = — 48bs,6b4,7 + 48b4,4b5,s.

Therefore the first equation of (19) becomes

(23) bs,6/bs,3s — 3b4,7/ba,a + 9bs,8/5bs,5 = 0.
The covariant quadric (18) is now given by the equations
(24) X4 = 0, Xs = 0, XoXs = (Sba,a/ﬁbz,z)Xl.Yz.

3.3. The construction of the quadric Q4. In a similar way we proceed to de-
termine the vertex Py of the pyramid { P, Py, -, Ps} . In fact, let the oscu-
lating planes of I be projected from (1, 0, 0, p, 0, 0) to a plane passing through
PP, and lying in the osculating space of four dimensions of I at P:

(25) X5=0, Xz—[.tX4=0, Xs—VX4=0.

The equations of the plane curve I'; thus produced can be obtained by elimi-
nating A;, A2 and A; from (25) and

Xo=1+42 Xi=x1+ N,
X = %+ )quk/dxl + )\2dzxk/(dx1)2 (k = 2, 4, 5),
X3 = X3 '+' >\1dx3/dx1 + )\2d2x3/(dx1)’ + )\3p.

The result of carrying out the computation shows that I'; is given by (25) and

1 dxs d(x2 — ux 1
Xo='—‘{D['—5'J (—2——4—)-]—-——D[x5, X2 — MUXy4, x;,—vx4]},
p

xt dx1 dxl
(26) 1 { [dxs d(x — ux.,)] d
X1 =—RaD|—) —————— | — — D|xs, 3 — ux4|p,
! % ' dx, dx, dx Lo, 22 — 4]}

Xs = D[xz, X4, x5]°
For brevity, we put

dxs dx o ’ dxs dx > ,
D [_E 1) —'_2] = x: 2 Er’ X1, D['__s ) _4] = xf Z Fr, X1,
dxl dx1 0 dx1 dxl 0

d hed r d © .
— D5, 2] = % 3 (6 + 7)G/ 1, — D[ws, %] = m 3 H 21,
dx, 0 dx; 0

0
D[xs, %5, x2] = xz > Iz,
0
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so that (26) reduces to
3
hed T 2 hd ;T X1 d T
Xo= 2 E/x — pxmi ZFf’xl - — Z I,z
)

Vxl ZH X — -—xle x1,
@7

L]

X1=m2 Elx — 2 EG,' (r + 6)xi + par Y. [(r + 8)H! — F/! a1,
0 0 0

X = x:E H,x;.
0

The point P is evidently a singularity [5] St of T's. Since the osculant Qs al-
ways coincides with Py, the singular point S} of T, is representable when and
only when

(28)

— 6GJ Ei n 3E2' ’—.Ule) 4 E{ — 8GY — 4 8H{ — F{ —o.
Eo H, E{ E{ EJ

Therefore T'; has a representable singular point at P if and only if the plane

(25) belongs to the three-dimensional space X5=0, X;—uX,=0, where u is

given by (28). To select P, in this space brings u to zero, and (28) to

, E 6GO - ”-FZI E2, - 862’
A simple calculation of Wronskians shows that
E{ = — 30bs,5b2,2, FoJ = — 20b5,6bs,s, G¢ = — 3by,sbs,s,
(29) H{ = — bs,5b4.4 Hy = 6b3,2b4,4b5,5, Iy = 6bs,2b3,3bs,5,
H, =0, Ey = — 20b4,4bs,s, Gy = — by bs,5.
Hence (28) becomes
(30) bau = 0.

The coordinates of the covariant point Oy are easily found to be
X5 =0, Xs=1, X3 =, X:=0,
e () (s

4H, EJ H, E¢ EJ
(31) 31, [ E/ — 6G{
+ 4pH, ( EJ >’

X = 1 [Eo' H4+ 3E/ 4Eo'/E4' — 10G/{ ):I n 1 7 -
T3l E: T H, Ho\ E{ — 6G¢ oa, (Tt vHa),



146 S. C. CHANG [January

whose locus is a quadric Q4:
Xo 1 [ E/H, 3E{ E{ — 10G4':|

0 * 10H,

4 Eo’ I], Ho X3
32 (= )(-2+22=
(32) + 3(Eo""6Go'>( Io+ I, X4>

[Xl + E{ (Eo' — 6G{ )(H, + 3E,') . E{ — 663’]
X. G¢ E¢ Hy, E/ 6H, ’

X5=0, X2=0.

In order that { PoPlP,PJ be a quadrilateral on Q,, it is necessary and suffi-

cient that
Il = 0,

((Ed — 6GJ)/EJ)(Hs/ Ho + 3 (E{ /EJ)) — 4 (E{ — 6G4)/EJ = 0,
E/H,/H: + 3E{/Hy — 10(E{ — 10G{)/H, = 0,

or
(33) b3s = 0,
(34) 25b4,7/b4,4 — 18bs.3/bs5,5 = O,
(35) — 20b2,6/b2,2 + 45bs,8/bs,a — 28bs,9/bs,5 = O,
because of (8), (20), (22), (23), (29), (34) and
E{ = 96bs,2b5,8, G35 = — 6ba,zbs,s
Hs = (— 30b4,1/bs,4 + 48bs,5/bs,5)b2,2D4,4D5,5
Hy = (2b2,0/bs,2 — 54b4,8/bs,s + T0bs,0/b5,5)b2,2b4,4b5,5
E! = (— 126bs,9/bs,5 + 30b2,6/bs,2)ba,2bs,5
G{ = (— Tbs,s/bs,5 + bs,6/b2,2)b2,2D5,5.
Putting
(36) ba,7/bss = 12wy,
we know by means of (23) and (34) that
(36 bs.o/bss = 100ws,  Bae/bss = 36w1.

3.4. The construction of the quadric Qs. We come now to locate the remain-
ing vertex Ps of the covariant pyramid {P, Py, P;, Ps, P, Pg}. A plane p
passing through PP, is, in general, given by the equations

(37) Xz— 1'1X5=0, Xa—szs = 0, X4—1‘3X5= 0.

If a three-dimensional space contains the point (1, 0, 0, 0, p, 0) and the oscu-
lating plane of T, then it must be given by the equations
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Xo=14N, Xi=2x142N, X4—x4+2)\,+1
]l (d l)

(38) (k = 2’ 3’ 5)7

arxy

(@xr)”

where %3, Ay, Az and \; are parameters. Eliminating Ay, A\; and \; from (37) and
(38) we obtain a plane curve I's, which is given by (37) and

Xk—xk+z)\v+l

x1

xo= = {o[ = ) o (o = o)
0= xf P X2 V1%s), dx X3 VaXs,

1
- '—‘D[xz — V1X6, X3 — V2Xg, ¥4 — stsl} ’
P
(39) X = — D[d< ) — ( )]
= — < D| — (22 — v1x5), — (3 — vax
1 xf{l dxl 2 146, dxl 3 245,

d

- ——-D[x, V1%s, X3 — szS]} ’
dx,

Xs= 2D ]
5§ = — X5 X2, X3 .
a]

We put
dx; dx had y dxs dx kel y
D['—z" ‘—3] = xfz I,’x;, D[—i) ——3] = x: ZJ,'xl,
dxy dxy 3 dz, dx, 3
had » d hed »
D[ws, 23, 1] = w1 2 Tt -ED[xz, m] =2 XK/ =,
0 1 [}

and substitute them in (39’), so that I'; is given by (37) and

X5 = x: E va;:
[]

X1= 2 2 (I} — K)or + vam Y [E! — G (v + 6) ]
0 0

(39) +nmy (L — T,
0

0

-] L]
14 2 » 3 4
X, = Z I} 21 + vamy Z E/ %1 — nix ZJr’ X1

0

4
X L]
——lZJ,x1+—xIZIx1———xIZH,x1+—x12Fx1
P o 4 14 P

The curve I'; has a singularity S} at P, whose covariant point O, also coin-



148 S. C. CHANG [January

cides with P;. But the covariant points O;,; (=1, 2) [6] will coincide when
and only when

I¢ — K{NS (I I{ + E{
L AM=(_°_°> (_=+4=_‘tﬂ)

0 I I, Iy
(40)
5<Io '—K )4(12 '—'Kz +Von —6VzGo> 0
Id o
In other words, the plane (37) should lie in a particular four-dimensional space
X 2 = VzX 5= O,

where v, is the solution of the above linear equation. To select Ps in this space
makes »; vanish, that is

(41’) oK = K (;-: + 4 —;—’:—) S K - K o
Since
42) IJ = 6ba,2b3,3, K¢ = 4b3,5bs,3,

I, =0, I{ = 18bs,5bs,s, Ky = 12b;,2b3,5,
(41') is equivalent to
(41) bss = 0.

If we further impose the condition that the covariant points Os,; (j =1, 2, 3)
[6] also coincide

5 .
[17)) Io’ - Ko')s(Ia Ia’ bt l’]o’
— Uson — Ags = (———— —+4—~——>
bo 10,3 5,3 ( Io’ Io Io’

I{ — KN (T — K{ +wnld —wnJd
-5 - ; = 0.

The singular point P of I's is then representable only when (40) and (43) are
consistent. If we select Ps in the common part of x;=0 and x3—»yxs =0, then
v vanishes,

I3
@ @ - ) (3 o+ 437) — s — K0 =o.
Io Io
From (8), (20), (22), (30), (33) and (40) we find that
bs,s 2 b3
I{ = — 30bs,5bs,s + 48b3,2bs,6, I3 = 30b2,2b3,3b5,6\ — — — —
bs.5 5 b3z

45
( ) Ks’ = 28b2,2b3,6 - 14b2’,5b3,3.
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(44) is now simplified to the form

(46) bs,s/bs,s + 4b2,5/b2,2 — 4b3,6/bss = 0.
In virtue of (36), (36’) and (46) it can also be written as
47 b2,5/b2,2 = 1lan.
The coordinates of the osculant Oy are
X, =0, Xs =0, X4 =vs, Xs =1,
’ ’ ' ws
N Rt 7))

Xo=£“,'—[£—s‘+4<I5' + llsIo _ ]1 ) — 15 I;’ —_ Ks/]’
4IoLJo I/ old el Id

whose locus is a quadric Qs:
X2=0, X3=0,
X, IJ {Isi‘us' 15 I{—Ku'}

(49) X5 4I,

Io I Id

149

5 /I,X X‘I' 1 /1 I/ I/ -K/
LT (e ) 25T
4 \JoXs X5 SIL 3 \I, 14 Iy
Since P; and P, lie on the quadric Qs, there is a point T'(# P), through which
the two generators of Q5 pass through P; and P, respectively. We select T as

Ps. The equation of the quadric (49) now reduces to

4 b‘,‘
(50) Xz = 0, Xs = 0, X1X4 = XoXs.
45 5,5
Thus we have
111, ¥4 I} — K/
J1 =0, —-[—+4—— - 5—— =0,
1) 3 LI, I I
Is+ 415' 15 Is’ - KSI 0
I, I¢ .

Calculating Jy, I,, I!, K} (r=4, 5) as well as I3, I{ and K4, we obtain

4 b, ba, bs,
Jy = 6bssbssbes,  Ii= 6b2.2bs.3b5,5('? b—:—: b:: ;:—:-)
I4' = — 54b2,eb3,3 + 70bz,2b3,7, K4’ = - 24b3.8b2.0 + 4Ob2,2b3.7,
Is = 56bs,5b3,3b5,10 + 16b5,5b2,7b3,56 — 54b2,2b5,5D3,3,

5
I = — 84bs,sha,7 + 98Db2,2b3,s, K¢ = 54b3,2bs,5 — 36b3,3b2,7.

(52)



150 S. C. CHANG [January

Consequently, (51) becomes

(53) bes = 0,

(549) 7bs,9/bs,5 — 100b3,7/3bs,3 + 40b2,6/03,2 = 0
and

(55) 28bs,10/3bs,5 -+ 200By,7/3b3,2 — S50bs3,8/b3,3 = O.

The pyramid {P, P,, P,, P;, P,, Ps} thus obtained is called the fundamen-
tal pyramid of the curve at the point P.

4. Canonical expansions and projective Frenet-Serret formulae. There are
five species of ordinary curves I' in a projective five-dimensional space. Every
point of I' may be either an ordinary point of the associated curve C or a
k-ic (k=6, 7, 8) point. The pyramid in the last section is only valid where
every point of T is an ordinary point of C, because in other cases the deter-
mination of P, requires a particular modification.

4.1. The case where every point of T is also an ordinary point of the curve C.
Usually, the osculating conic of T has at P with C a contact of order equal to
or less than four, that is

(56) (2DyBo/C0)Cs — BoD;3 — B3D, 7 0.
Through a calculation of Wronskians we reach
5 b b b
Bs = 60 Hb.-,.[4 208t 43 —‘—3]
8 bs 3 bl 4 b5 5

5 bas bas b
(s7) Cs = Hb;,.- 120 == — 768 — + 840 ;‘-"]

3 L 3,3 4,4 5,6

s b bar b
Ds = [ b:s 48—51—240——+24o—‘—“]
2 L. b33 4,4 b55
and 5 . bes b
= 1 bs.: 840———3600—-—+3240—“—3],
3

L b33 ba bs.s

5 . bes b
(58) Co= TTbsi| 432 227 — 1680 22 + 1440 —‘3]
3

L. b88 4,4 5,5

s T ba.e bs.r bes b
Do = T b:e:| — 12— + 180 — — 540 — + 420 —“—?]
2 - 2,2 3,3 4,4 bS 13
Substituting (36) and (36’) in (57) we have
5 5 5
By = 960-83]] di.sws,  Cs = 256-129]] bsiws,  Ds = 33-256 ] b iwon.
3 3 3

Hence w;0, because of (56).
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We have selected the fundamental pyramid in §3, for which PP; is the
projective normal of C, so that, as C;=0, D,;=0,

(59) 2(D¢Bo/Co)Cs — DoB4 — BoDy = 0.

From (7) and (59) we obtain

(60) — 4bs,7/bs,3 + 5bs,s/ba,s — 2b5,9/bs,5 + ba,e/b2,2 = 0.
Putting

(61) bs,6/b2,2 = 244w,

and using the relations (35), (54) and (60), we find

(62) bs,1/bss = 591ws,  ba,8/bsa = 992w, bs,0/b5,5 = 1420w,.

The expansions of the nonhomogeneous coordinates of I' must be

£ = bya[x1 + erzs + 24dwgay] + byrx + (8),

% = bsa[21 + 360171 + 591wex1] + sy + (9),

24 = baa[®s + 720121 + 992w523] + baexs + (10),

w5 = bss[1 + 100w121 + 1420w5x1] + bs.10%1 + (11).

(63)

The unit point in the plane { PPiP,} can be chosen in the same way as in
§1.3. Therefore the cubic (10) is to be given by the equation — XzX,+X3X,/2
+X1X§/2 =0. Hence DoBo= C§/2, —ZB(z)Ca/CgDo +B§D3/CoD3+BoBs/CoDo
=1/2, whence,

(64) b2 = 4/5, w; = — 1/500.

We further select the unit point in space such that (1, 1, 1, 1, 0, 0),
(1,101,1,0), (1,1,0,0, 1, 1) lie on Qs, Qs and Qs respectively. This implies

(65) bs,3/b2,2 = 6/5,  bau/bss = 3/10,  bss/bsu = 4/45.

The expansions (63) now are of the form

(e M 2aaenn) o+ bael (8
xg——g- x1—4'53x1+ wax1 ) + bo7x1 + (8),

24 36 8
Xg = ._.<x1 5 xl + 591(02561) + b3,s21 + (9),
(66)

36( : 2 + 992 >+b ’-I—(IO)
Xy = —
4 = 125 X1 — 4.59 xl W2 X1 4,9%1 ’

2\*/ s 1 3 9 10
x5 = 5 % — 5 %1 + 1420wax1 ) + bs,10%1 + (11).
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Let (P;) (I=1, - - -, 5) be the locus of P;, and let zj(u) (=1, - - -, 6) and
2i(u) be the homogeneous coordinates of the curves (Py (I=1,---,5)and T
with respect to a certain coordinate system; then from the definition of the
fundamental pyramid there exist functions a, b and @;» such that

dz dz, sy dz 5
(67) — = az + bz, = Y a2 = = Z as, % (s=1,234).
du dv o du

Evidently there can be determined, save for a constant factor, a unique func-

tion o(%) such that
d(02)/du = az.

Hereafter the coordinates z/(%) and 2{(x) (=1, - - -, 5;j=1, - - -, 6) multi-
plied by o(%) are still denoted by 2zi(«), zj(#). The equations (67’) now re-
duce to

dZ a+1 dzs 5
67 —=o0zn, ——= E G By —— = E w,2; (s=1,2,34).
du du du
If x1, - - -, x5 are the nonhomogeneous coordinates of a fixed point in the

space with respect to the local coordinate system thus determined, the con-
dition of immovability is

Lovg o) roerton)

or

5

M) = D a0, Az = a + — + E a;,1%;,

Sl du [

(68)
dx;,
xx,,———+ Za.kx. (k=2,34,5).
u Wl

Therefore the elimination of N, dx:/du and %, (¢=2, - - -, 5) from (66) and

(68) gives four equations. Consequently, we have the relations:

[ 84 = 6a/5, 44,4 = 4a1,, 3a1,0 — 16a3,1/5 + 4a5,4/45 = 0,
30 — 8a3.1/5 + 21a/50 — a3,4/10 = 0,
72a3,0/25 — 8-992aw; + 126a1,1/625 — 144041/625
{ + 197005 w5 — 2a4.4/5 = O,
36-548a2,1/5" — 18-(2/5)as,1 + 35 2%a4,0/5% — 35-24a,,0/5°
— 210.9.31a; 1ws/5% — 2%a5.4/5° — 9aba.s
1 + (27-279/5%) dess/du + Gs,4bss + 2792704, 402/625 = 0;

(69y1)
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(693)

(694)
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a45 = 4a/9, ass = Sa1,1, a1,0 = G2,1,
2%as,0 — 24031 + 8a — 81a4,5/10 = 0,
96as,0/25 — 36a4,1/25 + 8a1,1/5 — 11160aw, + 248-45a4,5w2 — a5,5/5 = 0,
44.9a,,0/57 — T-2%41,0/5% + 11-2%,,,/57 — 2%a5,,/57 + 2%.,1/5°
— 10abs,10 + (71-2%/5%)dws/du + a4,5bs,9 — 28-2840,,10:/5% = 0;
a1, = 8a/5, az,2 = 201, a1,0 = 2832,
80as,0 — 192a3,1 + 11a + 36a4,2 = 0,
15-2%a3,0 — 9-25%a4,1 + 55@1,1 — 732000aw; — 1las,2 + 1625, = O,

144a4,0/5* + @1,0(— 88/5%) + 28-11a,,1/5°% — 27as,1/5°

- 183'25(11,1(02/5 - 7b2,7a + (976/5)dw2/du
+ 976a3,202/5 — 6%as,2/5% = 0;

as,s = 18a/5, as,3 = 3a1,1, 20a1,0 — 2442, + 3a4,3 = 0,
28.15a,,0 — 33-2%;,1 + 6%a/5 — 11a3,5 + 16a5,3 = 0,
1152a3,0 — 33-2%a3,1/5 + 6%a/5 — 11a2,3 + 16453 = O,
38.28q,,4/5% — 6%ay,0/5% + (216-197/25)dws/du — 8abs,s
— 197-288a1,103/25 + @2,1(1656/5%) — 1152a5,1/58
+ @s,3b2,7 — 34-8a4,3/5% = 0.

Some simple calculations show that (69:) (¢=1, 2, 3, 4) are equivalent to

a,,2=8a/5, as,3=18a/5, a3,4=6a/5, as5=4a/9,

a2,2=2a1,, a3,3=3a1,, d4.t= 4a,,, a5,5=501,1,
(69') az,1=a1,0, a3,2=a1,0/2, a4,3=401,0/3, as,4=9ar,0/4,

a2,0=a/10, a3, =a/4, <as5,3=291a/40, a4,2=29a/36,

a1,1="5%3%wy/ — 2, a3,0="5% 51aws/8, a4,1=2587-5%ws/72, a5,2=5% 2699aws/2",

and

Taby,y = 144a4,0/5% — 4a1,0/5* — 784ay,102 + (2¢-61/5)dws/du — 27a5,1/5°,
8abs,g = 17-33-2%a4,0/7-5% + 88-27a1,0/5%- 7 + (3%-8-541/27-5)dw,/du

— 232 28801,1(:)2/25 — 34 2705,1/56' 7,

(69”) 90b4,9 = —9. 86301,0/14 . 57 + 34. 47204,0/50' 7 bt 25' 74705,1/7 . 57

— 603-2%1,1005/25 + (18-18757/5%- T)dws/du,

100b5,m = 25. 79904,0/57 -7 - 57580,1,1)/57 -63 — 27. 20905,1/57 -63

— 26.3299a1,102/125 + (8-54541/5%-63)dw./du.
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By use of (55)
4,0 = 50978ay,0/997-252 — 9256a5,1/6993 + 54-160544a;,1002/997
+ (5%-1334107/36-997)dws/du.
Thus (67) becomes
dz/du = az,
dzi/du = a(Iz — 53-3%1,2:/2 + 825/5),
dz2/du = a(2/10 + I1z; — 53333, + 1824/5),
dzs/du = a(I5(5%-512/8) + 21/4 + I2s/2 — 5%-34I.35/2 + 624/5),
dzy/du = a[(1/997)(509871,/252 — 9256I5/9 — 5 -3 -802721
+ (54-1334107/36)dI./adu)z 4 2587-5%T22:/72 + 2924/36
+ 4I125/3 — 25033124 + 425/9],
dzs/du = a[lz + Isz1 + 53-20991225/25 + 2912;/40
+ 9@1z4/4 — 54 3%0,2/2],

where we have denoted a1,o, as,1, a5,0 and ws by aly, a3, als and I respectively.
Evidently, a, I; (=1, 2, 3, 4) are five projective invariants while adu is an
intrinsic form. Putting adu =do we have

(70)

(A")

dz/de = z,,
dz1/de = Iz — 5%-331,21/2 + 82,/5,
de/dd' = 2/10 + Iz + ('— 15)8I222 + 1823/5,
dZa/dd' = 5“51122/8 + 21/4 + 1122/2 - 53'341223/2 + 624/5,
(A) dze/do = (1/997)(509871:/252 — 9256I4/9 + (54-1334107/36)dI,/do
— 538027210z + 5 - 25871421/72 + 292,/36
+ 41123/3 — 33. 250]224 + 425/9,
dzs/do = I,z + I3z + 53-20991525/25 + 29123/40
+ 9[124/4 — 54 331225/2
Either (€, €, 1) or (€, €, 1) can be taken for the unit point in the plane
{PP,P,} (cf. §§1.3, 1.4); similarly, each of the two points (& €, 1, &, €, 1),
(€=1, ¢;1, j=1, 2) can be taken for the unit point in the five-dimensional
space. This gives rise to a projective transformation T, under which z, 2, 2,
23, 34, 35 correspond to €3, €21, 23, €23, €24, 25 respectively. Accordingly do, I, Ip
and I; are transformed to €do, €;11, €I, ;I3 but I, is invariant.
Furthermore, elimination of 2z, 2, 2s, 2: and 2 from the equations (A)

gives a differential equation of order six (B) invariant with respect to T. The
curve in consideration now possesses four invariants I; (¢=1, - - -, 4) and



1946] CURVES IN FIVE-DIMENSIONAL SPACE 155

an arc-element do. Given four analytic functions I;(¢) (=1, - - -, 4), the
coordinates of a curve in five-dimensional space having I;(¢) as its projective
invariants and do as its projective arc-element are independent solutions of
the differential equation (B).

4.2. The Frenet-Serret formulae in the case where C always has P for iis
sextactic point. Since no projective normal can be drawn at a sextactic point
of a plane curve, the vertex P, in the present case cannot be determined as
before. But the way of determining the canonical expansion of a plane curve
at its sextactic point furnishes a covariant triangle { PP,P;} and a unit point
in the osculating plane so that the other vertices of the covariant pyramid and
the covariant unit point in the five-dimensional space can also be defined
without any difficulty.

In fact, from (7) and 2(DoBo/Co)Cs— BoD3;— B3Do=0, we have

(71) w1 = 0.
Hence neither (59) nor (60) exists.
From the definition of the triangle {PPng} and (21) and (23) in §2.1 it
follows that the quartic
8Xa(Xs — 2X,) — 8X2(2X1 — 2Xo — X3/2)
+ (2X1 — 2Xo — X2/2)"(4X1 — 4XoXs) = 0

has at P a contact of order seven with C. Since B;=0, C;=0, D;=0
(¢=1, 2, 3), we obtain after substituting (4) in (72) that

(72)

Co— BDs =0, Dy+ Bo(2CiCs — BoDs — BuDo) = 0,
2CsCs — BoDy — BsDy = 0,

which are equivalent to

(73)

(74) b2.2 = 8/5,
(75) (2/5)* + b2,6/b2,2 — 4b3,7/b3,3s + 5ba,s/ba,s — 2bs 9/175 5=
(76) 8b3,7/b3,2 — 20bs,5/b3,s + 20b4,9/b4,4 — Tbs,10/bs,5 =

because of (7) and

5 bs.s b b
By = 60Hb.~,¢[ LR T ALY ¥ “°]
8

3,3 4,4 bbB

5 bss b b
Cs = Hb;,.[7 144 3——6 .88 —2 4 28.34 “°]

3,3 4,4 5,6
b b bas b
D5—48Hb..[— RCHAVRY AL PR V' “°]
b22 b83 4,4 5,5
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Combining (65) and (74) we obtain

“n bs,s = 48/25, by = 72/125, bs,s = 28/54.
For convenience we put
(78) bs,0/bs,5 = ws;

then (35), (54), (75) and (77) give
bs,6/b2,2 = 61wa/355 + (45/71)-(2/5)*,
(79
ba,s/bs,a = 248w,/355 4+ (20/71)-(2/5)%

ba,7/b3,a = 591(02/1420 + (54/71) . (2/5)4,

[January

The expansions of the coordinates of I' are no longer(66), but take the form

81 ,+<61w, L (2)4) ¢

—_— —— S— — — x
e BT\ Ti\s/) /)M
B (s91w2 L (2)4) e
=5 L™ "\ a0 Ti\s/) )M

(80) ’

2 . (24&», 20 (2)‘> o]

Xsg = —| 1 — - — X
1251 355 711 \s5/))™]

+ boaty + (8),
+ baexr + (9),

+ 54,9x: + (10),

25
z =[5+ @)@l + boom’ + (10),

However, there are, as in the former case, functions a;;(«) and a(«) satisfying

(67). Some computations suffice to demonstrate that

21,2 = 16a/5, .az23 = 18¢/5, as,4 = 6a/5, a4 = 4a/9,
81) az,2 = 2a1,, a3z = 3a1,1, 04,4 = 4a1,, as,5 = 5a1,1,
@21 = 01,0/2, a3z = a1,0/2, 43 = 461,0/3, @54 = 9a1,0/4,
az,0 =0, a3 =0, a42 =0, as3 = 0,
as well as eight other relations
72 61w, 144 2
~ 3 44,1 — 30( 1 +H_2§ +2—S'05,2 =0,
72 32 1135¢ 64
Tt T T G T et Y
(81")
72 36 1393a 287
T M TS T e P s T
24 64 391a 26
Tt T o et st T
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ba,7 1 72 28 ba,e
—=—la00—— —a51— 4a1,—),

bz,z 7a 125 54 bz 2

b3,8 1 [72-31 38.25 44 < b3 3 bz,e)]

—_——= — 4,0 — a a - 1,

bis 8aL 57 U 75t MU UM by 7 b

bae 1 [73~36 24.83 2b48  b37 3 bag
oy b [T, B (e ke 3 b))
( ) b4,4 9al 537 o 5¢.7 o . b4,4 bs,s 7 b2,z

bs,10 1 I:— 25.30187 25-128239

=T G40 — —— G5,1
bss 10al 92.54-7 58.7-36

25ay,1 9%.5 bse 2bss b3z 3 b2
5.98 ( —————————— ) ]
From (81’) we find
wy = 28.5413/525-4421,

(6a/5)- [24-19/71-5% — 129w,/142],

41 = a(1358/3195 — 25-3199w,/71-9-25),

as,2 = a(24-407/355 4 61675w,/568).
Substituting (81’’) in (55) and (76) we are led to

(83) a4,0 = Ci01,, as,1 = Ca04,1,

as,o

(82)

where C; and C; are two constants. If the invariant form adu be denoted by
do, and the projective invariants a1,0/@, a1,1/a and as,0/a by I, I, and I3 re-
spectively, then the projective Frenet-Serret formulae read:

dz dz1 6 dzs 1 18
-:i:=zl, do' I1Z+I221+ -7;;—7I121+212z2+—-—23,
s (o0 Eewz)ﬁ_lzz fstut
© do 355\ 25 2 2
d“ = Cily + — 1 (ﬁ - > 3199 wz) 21 + il—lzs + 4124 + — Zs,
d0' 639 5 26
Ll = Iz + Colsz + ‘23(— Glal ws + 24'407)22 + 9—1124 ~+ 5I.zs.
do 71 8 53 4

In this case four points can be taken for the unit point without changing
the invariants I (o), I:(¢), Is(s) and the form do save for a constant factor.
The differential equation obtained from (C) by eliminating 2; (=1, 2, 3, 4, 5)
is evidently independent of these various selections(®).

(®) We can reach similar results in §§4.3 and 4.4.
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4.3. The case where every point of T is a T-ic point of the curve C. When P
is a 7-ic point, the osculating conic of I' at P has at P a contact of order six
with C. Besides w; =0, we have

or its equivalent
(85) — 4bs,1/bs,s + 5ba,s/ba,a + b2,6/b2,2 — 2b5,9/b5,5 = 0.

We now have to take the fundamental triangle of the plane curve C at P as
the triangle {PP;P,} and select the unit point in this plane by the method
stated in §2.2. This implies that the quartic —2X;X3/34+X3(X7—XX:)=0
has at P a contact of order eight with C. We then have the following condi-
tions
Co— BDo =0,  — 2CaDo/3 + Ba(2CiCs — BoDs — BiDo) = 0,
2CoCs — BoDg — BeDo = 0,

which, in turn, can be expressed in terms of b;,; as follows:

(86)

bz 2 = 8/5
24 b2,z b3.s by bs.10
(87) R S Y Sl L NN Se Y k. ia )
3.5 bs,2 bs,3 ba4 bs,s
ba,s bs,e ba.10 3\2 bs,11
(88) 12-——-+5———— 21 +28-<—-—) =0,
ba,2 bs,3 bas 5/ bss

use being madé of (7) and

5 bs.s bas b
Bo = TLes| 152022 — 80.3¢ 2 4 5040 ”°]

R bs,3 44 5.5

O
o
]

w
I
N = N

o
-
-,

bss by, bs.10
i 1008-——3 21°-—-—-+28 34
B bs,3 4.4 5.5

b b b bs,
Ds = JIb:i| — 32020 £ 35162 — 63-16 —2 4 21.2 “°],
L 2,2 3,3 4,4 b5.5
(89) - b b b
bis| 3600 —2 — 10500 —2% 4+ 231.28 “‘]
L. 3,3 bl.‘ 5,6
- B b b
Co = I 5::] 1920 =2 — 5040 —22 + 210-16 “‘]
L b8.3 bl.‘ b5.5

bss bs,9 by,o bsu
gl - 120———+ 840-—— 1680—+ 63-16

- b2 2 ba 3 b4 4 5,6

)
-
Il
had
-
-

Since b2,2 has the same numerical value as in the former case, the equations
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(77) and (81) remain valid. From (35), (54) and (85) we find, by putting

bs,0/b5.5 = wa,
that

(90) bs,6/bs,s = 61ws/71-5, b3 7/bs,3 = 591wy/1420, by8/bs,4 = 248ws/355.
(81”) must now be replaced by the four independent equations
— 72a4,1/25 — 1830w,/ 71 + 2a5,5/25 = 0,
— 72a4,1/25 4+ 2%a5,0/5 — 11356w,/284 = 0,
— 72a4,1/25 + 36a3,0/5 — 13930w,/284 = 0,
— 24a,,1/25 + 64a3,0/25 — 391awy/213 = 0,

(o1

linear in ws, a4,1, 5,2 and as,0. Thus

(92) Wy = 0, ag,1 = 0, as,2 = 0, as,o = 0.
Consequently (81’’) reduce to
: 64 Tabs,q
pyesianiisunl 11 % St =Y
125 625 b2
144 96 b b
G40 - — a1+ 362 — 8a —= =0,
93) 125 625 b2,z b33
M6 2 he o b
———a a—— — 9 =0,
s s 53 bea
288 26 bayo bs,10
— 5a—= — 10 =0.
" T %,

Eliminating bs,7/bs,2, bs,s/bs,3, bs.9/b4.4, bs,10/bs.6 from (55), (87) and (93) we
obtain

(94) 32.8189a4,0 — 508a5,1 = '0, as,1 — 14a/5 — 28179a,,0/2 = 0,
whence
(95) a4,0 = Dia, as,1 = Daa,

where D; and D, are constants.
In summary, we have simplified (63) and (67) as

Xy = 8xf/5 + bz,vxz + bz,sx: + (9),

%3 = 4821/25 + bs 521 + bsomy + (10),
%o = 7221/125 + booxs + basozs + (11),
x5 = 25x:/5‘ + bs.loxio + bs.uxil + (12)

(63")

and
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dz dz; 6
— = a3, — =g Ilz+I221+—z2>r
du du
dz, 1 18 dzs 1
— =a —Ilzl+21222+—'zs , — = —'—Ilzz+3fzzs+'—'z4),
du 2 du 5
67" P
2
— = a(Dlz 4 — Lzs + 4120 + '—Zs>,
du
dzs
- =a IsZ+Dzzl+—Ilz4+51225)

From the condition of immovability we obtain that
2813/5% — 5bs,7 — 8by,8 = O,
6-2%15/5% — 5I3bs,s + 18b3,8/5 — 9bs,9 = O,
33-2813/57 — 5I3b4,9 + 6b3,9/5 — 10b4,10 = O,
4b4,10/9 — SIbs,10 — 115,11 = 0.
Eliminating b;,:4; (=2, 3, 4, 5;j=35, 6) from (89) and (96) we obtain
— 1351,(1557a4,0 — 172as,1) + Is(36-511 4 55-973/2) = 0.

Hence follow the projective Frenet-Serret formulae:

(96)

dz d21 (I +I + 16 )
o = 2, do' 12 221 Zz ’
dz, (-II 4 o1 +18) dzs (II 4 3 4 )
—=\— 112 2 —23), —=\|— V4 —z y
do 2 121 222 5 3 do 2 132 223 5 4
(D)

dZ4 4 4

——=(D12+’—'Ilza+4lzzt+—zs>,

do 9

dZ5

e D3122+D221+—1124+51225)

o

where D,, Ds, D3 are constants.

In this case five points can be taken for the unit point. I, I, and do are
uniquely determined save for a constant factor.

4.4. The case where every point of T is an 8-ic point of the curve C. The
necessary and sufficient condition that the analytic point P of C is an 8-ic
point are w; =0, (85) and

97) 2(BoDo/Co)Cs — BoDs — BsDo = 0.

Now the covariant vertex P; can be determined only by the projective dif-
ferential theory of 8-ic points. In case that the triangle of reference { PP,Ps}
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and the unit point P+ P;+ P; are selected as in §2.2, the quartic

(98) X2+ 4Xo(X1 — XoX2) = 0

must have at P a contact of order nine with C. Consequently

Co— By =0, Dy+ 4By(2CiCs — BoDs — BsDy) = 0,
ZCoC7 - BoD7 - B7Do = 0.

In virtue of (7), (89) and

(99

N N b, bs,
By = [ s | 6000 2 24,990 = 4 27.34 “’],
3 b33 4.4 bs,s
s r b b b
Cr = I b:s| 3240 =2 — 7680 — + 1763 ""],
3 L. b3.3 4,4 5,6
s b b b b
Dy = I bes| — 480 =2 + 1440 =2 — 81.32 —2 4 1440 ""],
s L ba.2 bs.s baa bs.s
the equations (99) reduce to
(100) bas = 8/5,

(101)  8/5% + 25bs.0/bs.s — 105b4.10/ba,s + (252/5)bs.11/bs.5 + 60b2,5/b2,2 = O

and
(102) — 155b3,10/bs,3 + 80b2,9/b2,2 + 244b4,11/b4,s + (126/5)b5,12/bs,5 = O

respectively. (77), (81) and (92) still remain valid, but the second equation
of (94) should be replaced by

2051 — 28179040 = 0,
because of replacing (87) by (97). Hence
(103) as,1 = 0, a4,0 = 0;
and a priori,
boy=0, b33=0, by9=0, bs10=0.
The equations (96) then reduce to
(104) 28I3 — 5828 = O, 210]3 4 6- 554,58 — 3-5%s3,9 = O,
338.27T5 + 3-3%3,0 — 584,10 = O, 4b4,10/9 — 116511 = O.
Eliminating s g, bs,s, 4,10 and bs,11 from (101) and (104) we find

(105) I3 = 198a5-529-673.
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The conditions of immovability imply
2I3bs,8 + 3b2,9 = O, 313b3,9 + 5b3,10 — 9b2,6/5 = 0,

(106)
6I2b4,10 + 11b4,11 - 6b3,10/5 = O, 6I2b5.11 + 12b5.12 - 4b4,11/9 = O)
which cannot be consistent with (102) unless

(107) Iz = 0.

In summary, we obtain the canonical expansions of I':

Xy = Sxf/S + bz,axf + bz.wx:o + (11),

25 = 4821/25 + bs.ami + bs,um + (12),
Xy = 72x:/125 + Iu,loxio + 174,1290112 + (13),
X5 = str;/54 + bs,uxil + b5,13x113+ (14),

where bs g, b3,9, bs,10 and bg,11 are constants given by (104) and (105), and the
projective Frenet-Serret formulae:

(63")

dz dz, 16 dzy, I, 18
o 'Z;=Ilz+?z2, d_a=7Z1+_5—23’
(E) i'zi‘:—l"llzz'l‘ 6 &=11123+4
do 2 do 3
dzs 198 9
- z+—Ilz5.

do 5-520.673 4

4.5. The case where every point of T is a 9-ic point of the curve C. We are
now in a position to deal with the remaining case. In the same manner as
before PP, is taken as the tangent to I' at P, and PyP; as the tangent to the
osculating conic at one of its points Pz, and P+ P;+ P, on the osculating conic.

When every point P of I' is a 9-ic point of C, the equations w;=0, (85),
(97) and

(108) 2CCs — BoDs — BeDo = 0

must be consistent. After multiplying the coordinates of the points (2), (z1),
, (z5) with suitable factor p(u), the equations (75) remain valid. Because
(77), (81), (92) and (103) are satisfied here, (63) and (67) become

8 21 48 3 3+1
xz=-——x1+2b22+tx+y x3=—x1+2b33+1x+,
s 25 1=8
(109) . - 2%
4 441 6 +1
Xa=—x1 + O b4,4+le+, x5 =—x1 + Z bs, s+tx1 ’
125 pard 5 -8

and
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dz . dz1 6

'('1;=0Z1, Z=a Ilz'i-IzZl‘i"“Zz),

de I 8 dZa I 6
(110) - =4a ——Z+2[222+—Za), —=a(——z1+3lzzs+—z.4 y

du 2 du 2

dzs dzs 91,

';;-:a 3‘]1234"4[224"‘325 , 7u-=a —4—24+51225>.

We have to treat particularly the condition of immovability
d 5 5
—(z +> ijj) = Nun) (z +> ijj).
du =1 =1

Substituting (110) in it,
dxi a
A = al1xy, Ay = ¢ + — + al2 + — L1,

16 dxs aIl
Axg = — am + — + 2al322 + — %3,

(111) o
Axg = '5— a%xs + - + 3alyxs + —lxb

Are = > azs + ‘x‘+4l 0 = am T sar
Xy = — 0% —_— alx — X5, Xp=—a —_ alyxs,
4 5 3 du 2%4 4 5 5 9 X4 du 2%5

and eliminating N and x, from the first two equations of (111), we obtain

dxy 9 al; 2 2+1

(112) _=—-a— dszl + —_ alel + —_— b2,2+1x1
du 5 1=8

Therefore the third of (111) is found to be equivalent to

8 16 8
Lax, (; % + Z bs 2+zx2+l> =5 o0 + 2612(—5— x + Z be 2+zx2+l>

1=8 l=8

16
+ [? %1 + Z (2 + Db, 2+zx1+l:|

=8

(113) 9 I
a .a
‘[— a — alx + ? lef “‘l Z b, 2+zx2+l:|

1=8
al 48 :
+ '—1[—- xi + Z bs 3+1x3+']
4 25 )

on account of A =ax,Jy, (112) and the first two equations of (109). Comparing
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in (113) the coefficients of equal powers in x;, we see that I; and bs 4
(!=8,9, - - - ) vanish. From the last three equations of (111), we find simi-
larly that

b3,3+1 = 0, b4,4+1 = O, 65_5+1 = 0 (l = 8, 9, A ).

Finally, the expansions of I' become

%y = 82:1/5, = 4821/25, x4 = T22./125, x5 = 2'x1/5".

We may easily find the geometrical construction of them by extending the
method used for a space curve in ordinary space.

4.6. The geometrical interp retation of the invariants and the arc-element. The
unit point geometrically defined in the foregoing sections is available in the
interpretation of the invariants and the arc-element. In fact, projection from
P, of the consecutive point of P on T to the line PP, produces P+do P, save
for infinitesimal of higher order. Evidently

(P,Pl;P+d0'P1,P+P1)=dO’.

This furnishes a geometrical interpretation of the projective arc-element.
As to the interpretation of the invariants we utilize the last equation of

the Frenet-Serret formulae. For example, from the equation

dzs 53-2699 291 9 54.32

ol Ig+ Iz + TIzzz + 0% +ZLZ4 -
it can be shown that the line PP; intersects the hyperplane containing P,, P,
P, and the tangent at Pg to the curve (Ps) at the point I,P+291P,/40 and
the double ratio (P, Ps; P+ Ps, I.P+291P;3/40) equals, except for a constant
factor, the invariant I,. Since other invariants may be similarly interpreted
we omit their interpretations here.
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